Algoritmer, datastrukturer och komplexitet, hosten 2020
Uppgifter till 6vning 9

NP-fullstandighetsbevis

Pa denna 6vning &r det ocksa inldmning av skriftliga 16sningar av teoriuppgifterna till
labb 4 och muntlig redovisning av teoriuppgifterna.

Vad siger reduktionerna? A, B, C, D och E &r beslutsproblem. Anta att B &r NP-fullstéandigt
och att det finns polynomiska Karpreduktioner mellan problemen si hér (en reduktion av A
till B tecknas hiar A — B):
A - B « C <« D

0
E

Vad vet man d& om komplexiteten fér A, C, D och E? Sétt ett kryss i tabellen nedan for det
man sdkert vet och en ring i for det som &r mojligt men som man inte vet sékert.

ligger i NP | &r NP-fullstandigt | ar NP-svart

ollwliell=

Frekvensallokering Inom mobiltelefonin behéver man 16sa frekvensallokeringsproblemet som ly-

der pa foljande sdtt. Det finns ett antal sédndare utplacerade. Varje sédndare kan sénda pa
nagon av en given uppsattning frekvenser. Olika sdndare kan ha olika frekvensuppséttningar.
Vissa séindare ar sa ndra varandra att dom inte kan sinda pa samma frekvens, for da skulle
dom stora varandra. (Detta beror faktiskt inte s mycket pa avstindet som pa geografin —
om det finns nagot berg, hus eller liknande som skirmar av.)
Man vet fran borjan vilka séndare som finns, vilken frekvensuppséttning varje sdndare har
och vilka par av sdndare som skulle stéra varandra om dom sénde pa samma frekvens. Pro-
blemet dr att avgora ifall det finns nagot mojligt val av frekvenser s& att inte nagon séandare
stor nagon annan.

a) Formulera detta problem som ett grafproblem

b) Visa att problemet ligger i NP genom att:

bl) Foresla vad en 1osning kan vara.

b2) Visa att om svaret dr ja sd kan 16sningen verifieras.

b3) Visa att verifikationen tar polynomisk tid.

¢) Visa att problemet &r NP-svirt genom att:

cl) Hitta ett kiint NP-fullstdndigt problem att reducera.

¢2) Beskriv reduktionen mellan det kiinda problemet och frekvensallokeringsproblemet.
¢3) Visa att reduktionen ar polynomisk.

c4) Visa att reduktionen ar korrekt.

Dérefter vet du att problemet dr NP-fullstdndigt!

Hamiltonsk stig i graf Visa att problemet HAMILTONIAN PATH &r NP-fullstdndigt. Problemet
ar att avgora ifall det finns nagon enkel stig som passerar alla hérn i en graf.
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Spannande tridd med begransat gradtal Visa att foljande problem dr NP-fullstdndigt: Givet

en oriktad graf G = (V, E) och ett heltal k, avgor ifall G innehéller ett spannande trad T s&
att varje horn i tradet har gradtal hogst k.

Polynomisk reduktion Konstruera en polynomisk reduktion av 3CNF-SAT till EQ-GF|[2], satis-

fierbarhetsproblemet for ett system av polynomekvationer 6ver GF[2] (alltsa heltal modulo
2).

Ar en Eulergraf k-firgbar? Manga problem av typen avgor om grafen G har egenskapen e kan

eventuellt forenklas om vi antar att grafen har ndgon speciell annan egenskap. Vi ska studera
ett specialfall. Vi sger att en sammanhéngande graf &r en Fulergraf om varje horn i grafen
har jamn grad. Vi vill nu avgdéra om en saddan graf ar k-fargbar. Vi har ndrmare bestamt
féljande problem:

InDATA: En Eulergraf G och ett heltal k.
UTDATA: JA om grafen &r k-fiargbar. NEJ annars.

For k < 2 finns det en polynomisk algoritm for att avgora fargbarhet f6r generella grafer. Vi
antar darfor att £ > 3. Avgor nu om det finns en polynomisk algoritm for att 16sa ovanstaende
problem eller om problemet &r NP-fullstdndigt.

Losningar

Lo6sning till Vad siger reduktionerna?

ligger i NP | &r NP-fullstindigt | &r NP-svart
A X o} o)
C X X X
D X o) o}
E o) o) X

Losning till Frekvensallokering

2)

Formulera frekvensallokeringsproblemet som ett grafproblem.

Lat hornen motsvara sdndare och kanter motsvara sdndare som stor varandra. Varje horn
v; ar méarkt med en frekvensuppséattning F;. Fragan &r om det gar tilldela varje hérn en
frekvens fran dess frekvensuppséattning sa att inga horn som &r forbundna med en kant har
samma frekvens.

Visa att grafproblemet ligger i NP.

bl) En 16sning &r lampligen en frekvenstilldelning till varje horn.

b2) G4 igenom varje horn och verifiera att dess frekvens dr med i frekvensuppséttningen. Ga
ocksa igenom varje kant och verifiera att &ndpunkternas frekvenser ar olika.

b3) Verifikationen tar linjar tid i grafens storlek.

37



¢) Visa att grafproblemet ar NP-svart.
cl) Vi provar att reducera k-fargningsproblemet.
c2)

k-fargning(G, k) =
fér varje horn v; i grafen G
F; %{1,,]{3}
return frekvensallokering(G, {F;})

¢3) Reduktionen skapar bara en k-méngd for vart och ett av hornen. Den &r alltsd uppenbart
polynomisk.

c4) Visa nu att det finns en k-fargning av grafen G om och endast om det finns en tillaten
frekvenstilldelning till G dér alla hérn har frekvensuppséttningen {1,..., k}.

Anta att vi har en k-fargning av G. Numrera fargerna 1 till k. Om ett hérn har fatt farg ¢
sé later vi motsvarande horn (sédndare) i frekvensallokeringsproblemet fa frekvensen i. Detta
blir en tillaten frekvenstilldelning eftersom vi har utgatt fran en tillaten k-fargning.

At andra hallet: anta att vi har en tillaten frekvenstilldelning. Vi far en k-firgning genom
att lata ett horn fa farg ¢ om motsvarande séndare har fatt frekvens i.

Solution to Hamiltonsk stig i graf

A Hamiltonian path is a simple open path that contains each vertex in a graph exactly once.
The HAMILTONIAN PATH problem is the problem to determine whether a given graph contains a
Hamiltonian path.

To show that this problem is NP-complete we first need to show that it actually belongs to
the class NP and then find a known NP-complete problem that can be reduced to HAMILTONIAN
PATH.

For a given graph G we can solve HAMILTONIAN PATH by nondeterministically choosing edges
from G that are to be included in the path. Then we traverse the path and make sure that we visit
each vertex exactly once. This obviously can be done in polynomial time, and hence, the problem
belongs to NP.

Now we have to find an NP-complete problem that can be reduced to HAMILTONIAN PATH.
A closely related problem is the problem to determine whether a graph contains a Hamiltonian
cycle, that is, a Hamiltonian path that begin and end in the same vertex. Moreover, we know that
HAMILTONIAN CYCLE is NP-complete, so we may try to reduce this problem to HAMILTONIAN
ParH.

Given a graph G = (V| E) we construct a graph G’ such that G contains a Hamiltonian cycle
if and only if G’ contains a Hamiltonian path. This is done by choosing an arbitrary vertex u in
G and adding a copy, u’/, of it together with all its edges. Then add vertices v and v to the graph
and connect v with « and v’ with v’; see Figure 2 for an example.

Suppose first that G contains a Hamiltonian cycle. Then we get a Hamiltonian path in G’
if we start in v, follow the cycle that we got from G back to u’ instead of w and finally end in
v'. For example, consider the left graph, G, in Figure 2 which contains the Hamiltonian cycle
1,2,5,6,4,3,1. In G’ this corresponds to the path v,1,2,5,6,4,3,1',v'.

Conversely, suppose G’ contains a Hamiltonian path. In that case, the path must necessarily
have endpoints in v and v’. This path can be transformed to a cycle in G. Namely, if we disregard
v and v, the path must have endpoints in v and v’ and if we remove u’ we get a cycle in G if we
close the path back to u instead of u’.

The construction won’t work when G is a single edge, so this has to be taken care of as a
special case. Hence, we have shown that G contains a Hamiltonian cycle if and only if G’ contains
a Hamiltonian path, which concludes the proof that HAMILTONIAN PATH is NP-complete. O
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Figur 2: En graf G och hamiltonstigsreduktionens konstruerade graf G'.

Solution to Spinnande tridd med begrinsat gradtal
In this solution we use the alternative (original) definition of NP as nondeterministic polynomial
time. First note that the problem can be solved by the following nondeterministic algorithm:

1. For each edge in F, choose nondeterministically if it is to be included in 7.
2. Check that T is a tree and that each vertex has degree less than k.

This means that the problem is in NP. Now we need to reduce a problem known to be NP-complete
to our spanning tree problem. In this way we can state that determining whether a graph has a
k-spanning tree is at least as hard as every other problem in NP.

Consider the problem HAMILTONIAN PATH that was shown to be NP-complete in the previous
exercise. Can we reduce this problem to the spanning tree problem? That is, can we solve HA-
MILTONIAN PATH if we know how to solve the spanning tree problem? We claim that we can and
that G has a Hamiltonian path if and only if it has a spanning tree with vertex degree < 2.

It is easy to see that such a spanning tree is a Hamiltonian path. Since it has degree < 2 it
cannot branch and since it is spanning only two vertices can have degree < 2. So the spanning
tree is a Hamiltonian path. If, on the other hand, G contains a Hamiltonian path, this path must
be a spanning tree since the path visits every node and a path trivially is a tree.

We have reduced HAMILTONIAN PATH to the spanning tree problem and, therefore, our problem
is NP-complete. O

Solution to Polynomisk reduktion
Suppose we have a formula ¢ € 3CNF-SAT, for example

o(x1, 22, 23,24) = (k1 VX2 VT3) A (22 Vs VTL) A (TT V23 V 24)

Reducing 3CNF-SAT to EQ-GF[2] means that, for every formula ¢, we can create an equation that
is solvable if and only if ¢ is satisfiable. Now, ¢ is only satisfiable if every clause can be satisfied
simultaneously, so let’s start with finding an equation for an arbitrary clause (x V y V z), where
x,y and z are considered as literals rather than variables. For a start, the clause is satisfiable with
one of the literals set to true, so in that case the equation x 4+ y + z = 1 is also solved. But this
fails if two literals are true! We can fix this by adding three more terms, where one and only one
is 1 if two variables are 1. We get

r+y+z+ayt+yz+az=1
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Again, this is not complete. if all variables are set to 1, it fails. Of course, the solution is to add a
term for this case, zyz. Our result is

r+y+z+arytyz+arz+ayz=1

If one of the literals in the clause happened to be inverted, e.g. we have T instead of x, replace x
by (1 + ) in the equation. The first clause in the example would be turned into

X1 +£L‘2 + (1 +SC3) +£L'1£L'2 +SC1(1 +SC3) +SC2(1 +SC3) +SC1ZL'2(1 +1‘3) = 1

We are now ready to create an equation from an arbitrary 3-CNF formula ¢. For every clause
; in @, create a corresponding equation ;. Our claim is that this system of equations is solvable
if and only if ¢ is satisfiable and we must prove that this is correct.

To begin with, we note that (1+ ) is a proper way to handle inverses, 1+1=0and 1+0 =1,
so in the following we will only consider literal values and not variables.

1. (<) If an equation in @; is satisfiable, then there exists an assignment to the variables such
that each left hand expression is summed to 1. Hence, at least one of the literals is 1 and the
corresponding literal in the boolean formula set true would make it’s clause satisfied. The
equation system (); being satisfied means that each equation is satisfied and consequently is
each clause in @ satisfied.

2. (=) When ¢ is satisfied, we have an assignment on the variables such that each clause is
satisfied. There are three cases for the clauses, (i) one literal is true, (ii) two literals are true
and (iii) three literals are true. By construction, the corresponding equations are all satisfied.

O

Lésning till Ar en Eulergraf k-firgbar?

Problemet ar NP-fullstdndigt. Det &r enkelt att verifiera om en 16sning &r en korrekt fargning sa
problemet ligger i NP. For att visa fullstdndighet reducerar vi det generella k-fargningsproblemet
till vart problem. Vi antar att & > 3. Anta att vi har en graf G. Vi gér om den till en Eulergraf
G’ pa foljande sitt: Det méste finnas ett jamnt antal hérn med udda grad. Dela in dessa horn i
par. For varje par infors ett nytt horn. Till detta horn dras tva kanter, en fran vart och ett av de
gamla hérn som genererat det nya hoérnet. Grafen G plus de nya hérnen och kanterna utgor grafen
G'. Det ar latt att se att G’ 4r en Eulergraf.

Vi visar nu att G ar k-firgbar < G’ ar k-fargbar. Anta att f ar en firgning av G, det vill
séga att varje horn x far en firg f(z). Vi definierar da en k-fargning f’ av G’ pa foljande sitt:
Om z &r ett horn i G’ som ocksa tillhor G sitts f/(x) = f(z). Om z inte tillhér G sa finns det
tva grannhdrn y och z i G. Vi sitter d& f(x) till ndgon annan ledig farg &n f(y) och f(z). (Det &r
mojligt att gora det eftersom k > 3.) Implikationen &t andra héllet &r trivial. O
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