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Operationer pa envariabelpolynom

n—1

® Polynomet A(x) = " ajx) = ag + a1x + -+ + ap_1x" !
j=0
® Kan lagras i koefficientform som (ag, a1,...,a,-1)

Evaluering:
® Med Horners regel:
® Ax)=ap+ x(a1 + x(a2+ -+ x(ap—2+ x-ap-1)--))
® Tid: ©(n)
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Operationer pa envariabelpolynom

Addition:
n—1 . n—-1 . n—1 .
o Y ax =) bix+ > X
j=0 j=0 j=0
® berdknas genom a; = b; + ¢ for 0 <n—1

e Tid: ©(n)
Multiplikation:

2n—2 ) n—1 . n—1 .
e Y axX =YX bxX| | X ¥
j=0 j=0 j=0

J
® berdknas genom a; = ) by - i
k=0

e Tid: ©(n?)
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Alternativ lagringsmetod

n—1 .
® Polynomet A(x) = > ajx/ kan ocksé lagras i punkt-vérde-form:
j=0

® {(XO,YO), (X17y1)’ cees (Xn—l,)/n—l)} dar Yj = A(XJ)
Entydigt, ty bara ett (n — 1)-gradspolynom gdr genom n givna punkter
[Nummekursen]

Interpolation (6vergang till koefficientform):

® Med Lagranges interpolationsformel

o ,l;[k(x—xj)
" A= T e — %)
J#k
e Tid: ©(n?)
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Alternativ lagringsmetod

Addition:

® {(XO’YO + }/6)7 (X17y1 +y{)> Ty (anlaynfl +y,/171)}
® Tid: ©(n)
Multiplikation:

* {(x0,¥0 - ¥0)s (Xt y1-¥1)s s (Xn—1,Y2n—2 - Yap_2)}
e Tid: ©(n)

® Problem: 2n — 1 punkter kravs
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Snabb polynommultiplikation i koefficientform

Om man kunder evaluera och interpolera snabbt sa skulle man kunna
multiplicera snabbt med hjalp av punktvis multiplikation

<ao, ey a,,_l)
o s - - ——— > (C0,...,Cn—-1
<b0, ey bn—1> (Koefficient-Multiplikation) < ’ : n >
Evaluering Interpolation
Y
<ag, ey a,,_l)
> (d0,...,dpn—
<b07 e bn—1> Punktvis multiplikation < 0 an 1>

® Om evaluering och interpolation gick att gora i tid o(n?) s3 skulle
detta vara snabbare dn vanlig polynommultiplikation

® Vilj evalueringspunkterna xp, ..., x2,—1 listigt!
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® Vilj att evaluera polynomen i komplexa enhetsrotter, dvs w sd att

w'=1
® Principalroten w, = e n
® Anvind w9 wl w? ... Wit
imA
2
w8
3 ol
et} bt}
2
8
-- -»>
wg wy €
.5 7
bt} bt}
6I
wg 1
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DFT - Diskret fouriertransform

n—1

A(x) = 3" ajx) polynom vars koefficienter &r (ag, a1, . . ., an—1)
j=0

DFTn((aQ, Chlgooog a,,_1>) = <ao, dl, ..., a,,_1>
n—1 , n—1 .
Dar yic = A(wp) = X ajwn’ = 3, a;e* /"
Jj=0 Jj=0
DFT, transformerar en n-vektor till en annan n-vektor

Jamfor den vanliga fouriertransformationen som transformerar en funktion
f(x) till en annan funktion f(t):
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FFT - Snabb berdkning av DFT

n—1 .
Dela upp A(x) = > ajx/ =
j=0

=ap + axx® + agx* + -+ ap_ox" 2+
+x(a1 + azx® + asx* + -+ a,_1x"72) =
= A[OI(X2) +ox- A[1](X2)

All(x) = ag + apx + agx® + - -+ + ap_ox"/?71
A[I](X) = aj + as3x + a5X2 + -+ ci-),,_1Xn/2_1

DFT,({a0,a1,---,an-1)) = (Yo, 1, - -, Yn—1) dér
Yk = DFTg((Bo, a, ..., a,,,2>)k + wﬁDFTg((al, as,..., a,,,1>)k

DFT1({a)) =a-wl =a

® Dekomposition!
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FFT-algoritm

Anta att n ar en tvapotens

function DFT,((ao, a1,...,an-1))
if n =1 then return (ag)

Wy — e2mi/n

w1
y[O] — DFT%(<30, a, ..., a,,_2))
y[l] “— DFT%(<31, as,..., a,,,l))
for k<~ 0to 7 —1do

0 1
Yk <—y,[(]—|—wy,£]
0 1
Yik+2 %YL]—WY;E]
W Ww-Wwp

return (yo,y1,...,Yn-1)

Analys: T(n) = {@(1) omn=1

2T(E)+0(momns1 (= Onlosn)
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Invers till DFT

y =DFT,(3) & y = V,3, dvs:

0 0 0 0
Yo i I i 2
ne
1 Wh Wh Wh Wh al
_ 2(n—1 n—1)(n—1
Yn—1 wg wp 1 w,,( ) ws, )(n—1) an—1

V= vandermondematrisen

Valkjl=wy

Vi scker 3=DFT}(y) & a=V"1y
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Invers till DFT

Sats: V,; 1[j,k] = 1w, ¥

DFT;I(O/o,yl7 - ,y,,_1> = <ao, al, ..., a,,_l)
1

1 n—1 —kj
diraj = = > ykwn = =
k=0

Jamfor med inversen till den vanliga fouriertransformationen:

1 .
)= 5= / £(t)e™ dt
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Polynommultiplikation - FFT

2n—1

n—1 n—1
g cx! = g ajix) | - E bjx!
Jj=0 Jj=0 Jj=0

<y0, e ,y,,,1> = DFTzn(<ao, ceey a,,,l,O, . ,0>)
<y6, PN ,y,’7_1> = DFTQ,,(<b0, ey bn_l,O, ey 0>)

(co,.--sCon-1) = DFT2n((¥0 - ¥9:-- -, Y2n—1 - Y2n—1))} Interpolation

} Evaluering

~
punktvis multiplikation

Tid: ©(nlog n)
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