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PROBLEM 1

Calculate in spherical coordinates: grad (div(é},)) = rot(rot(ér))

IMPORTANT COMMENT (but not useful to solve the problem)

as we will discuss next week:

SOLUTION to problem 1

gmd(div(ﬂ))—rot(rot(/l)) = V(VoZ)—Vx(VxZ) =V?4

V?A s called "vector laplacian” (see Section 14.2 in the book)

grad (div(ér )) — rot (rot(é}, ))

We need gradient, divergence and curl in spherical coordinates




SOLUTION to problem 1
Spherical coordinates: r6,¢

position vector using spherical coordinates
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SOLUTION to problem 1
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Let’s go back to our initial problem:

V?é =grad(divé,)—rot(rote,)

é =(1,0,0)

So we have to calculate:
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SOLUTION to problem 1

Therefore: dive = ig(,ﬂ) _2
r 2 7

Then we have to calculate:
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PROBLEM 2

cos & — siné .
Consider the following fields: ¥ =— R A= > e,
where 7,6, ¢ are spherical coordinates.
Calculate:
Q) gmd(w)
b) rot(Z)

c) div(grad(w)) and rot(mt(ﬂ))

IMPORTANT COMMENT (but not useful to solve the problem)

as we will discuss next week: div(grad (v))=Vy

Vv is called ” Laplacian” (see Section 14.1 in the book)

SOLUTION to problem 2
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SOLUTION to problem 2

— 1 O (sin*@). 1 0 (sin@). n
rot4d = — — |€,——— e,+0¢e, =
rsin@ 00 ror\ r
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2c0s0 . sinf. J
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) Vi = div(grad(w)) = div(mt(Z)) =0

You need to calculate the divergence of the curl.
The calculation is long, but straightforward.

rot(mt(Z)) = rot(gmd (t//)) =0

You need to calculate the curl of the gradient.
The calculation is long, but straightforward.

r sin@

. ~ smé 1 ,
2sinfcosfe, + — €, =
ror

This is a general result:
" the divergence of the curl is zero.
" the curl of the gradient is zero.




THE'RING NEBULA
is a planetary nebula in the northern constellation of Lyra




PROBLEM 3

The Ring nebula can be considered as a sphere with constant radius R,
Assume that the velocity of the Helium atoms in the nebula is described by the following field:

2
V= k{r—%cosgpjér +k(2r2 sianingo)é(p

where Kk is a constant.
Calculate the flux of Helium atoms that flows outside the nebula

SOLUTION

Guass theorem

Flux = j j v-dS =’/j j j div(v)dV

div (V) = i22 (r2vr ) + : i (Sil’l 9\)9 ) + : 2 (V(/, ) (in a spherical coord. system)
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PROBLEM 4

Kolven i en bilmotor har formen av en cirkuldr cylinder med radie p,=1
och hdjd z,=2. Nar motorn ar igang, fordelar sig temperaturen i
cylindern enligt:

T=1+p’(1+cosp)(z+1)

(@) Berakna temperaturgradienten. Berakna den storsta
temperaturvariationen som funktion av p for ¢=r/2 och z=0.

(b) Betrakta punkten P: (1, n/2, 0) i cylinderkoordinater. Berakna
riktningen v,, (i cylinderkoordinater) i vilken temperaturen dkar
snabbast

(c) Berdkna i punkten P en riktning v, i planet z=0 langs vilken
temperaturandringen ar 1.

(d) Berdkna vinkeln mellan v,, och 7,



SOLUTION to problem 4

(a) T=1+p°(1+cosp)(z+1)
grad(T) :Z—Zép+%g—;é(p+z—jéz =2p(l+cosp)(z+1)é,— psing(z+1)¢,+ p* (1+cosp)é,

at ¢=r/2,z=0:
gma’(T)|¢:ﬁ/2’Z:0 =2p&,—pe,+p’¢,

= maximum increase:|grad (T)| = \/(2,0)2 +(—,0)2 +(,o2 )2 =50+ p’

the maximum is at p=1

(b) v, =gmd(T)|P =2¢,-¢,+¢,

(c) v, isontheplanez=0=  V,=aé +bé, with +a’+b> =1

This is the gradient, not the
gradient normalized to 1

2a-b=1
V=1 = (28,-8,+&.)(a8,+b8,)=(2,-11)-(a,0,0)=1 = {

P Na' +b* =1

possible solution is a=0 = b = -1
=>7,=(0,-1,0)=-¢,

(d) v, -V, (Zép—é¢+éz)-(—é¢):(2,—1,1)-(0,—1,0)=1} |

= a = arccos—
ViV, :|v1||v0|cosa = J6 cosar
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