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This week

= Curvilinear coordinate systems:
o Basics of any curvilinear coordinate systems:
® basis vectors
¢ differential elements
® derivative of the basis vectors
o Specific examples:
e cylindrical coordinate system
e sperical coordinate system
= Gradient, divergence and curl in a curvilinear coordinate system
o grad, div, rot in a generig curvilinear coordinate systems:
o Specific examples:
e grad, div, rot in a cylindrical coordinate system
e grad div, rot in a sperical coordinate system



Connections with previous and next
topics

= |tis a generalization of cylindrical and spherical coordinate systems (week 1)

= |t will allow to calculate gradient, divergence and curl in coordinate systems that are
not cartesian (week 1 and 3)

= |t will introduce part of the formalism necessary to solve Laplace’s and Poission’s
equations (week 6)
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i

* An athlete is rotating a hammer
e Calculate the force on the arms of the athlete.

arms:_F
F=ma
_dv -
a=—-=V
dt
_dr -
V=—-=7
dt

7 (in cylindrical coord.)

We need

» to introduce curvilinear coordinates
 to describe cylindrical coordinates
 to calculate the derivative of ép




CYLINDRICAL COORDINATES

A

Cylindrical coordinates are an z
example of curvilinear coordinates

cartesian coord.

P: x, Yz
9 A |
cylindrical coord.  F TTteeeo__ ]
P'. /0) ¢7 z Zéz
(x=pcosg
<y:psin¢ OSPSOO
7=z 0< ) <27

—0 < z < +00 P

=ty

tanp=y/x x

/\

Z=2Zz

"



CYLINDRICAL COORDINATE SYSTEM: “informal introduction”’

(x=pcosg
Ty =psing
z=z

=(x,y,z) =xe, +ye, +ze,

=(pcose, psing,z) =
= pCOSQe +psinge +z¢,

r
r

(in a cartesian coordinate system)
or _0(x,y,z)
Ox N ox

=(1,0,0)=e,

This is the rate of variation of T with x keeping y
and z constant= it is a vector parallel to the x-axis

or :8()c,y,z):(0’1’0):é
N\ Oy ’

This is the rate of variation of v with y keeping x
and z constant=> it is a vector parallel to the x-axis

How to express the ép and é¢ axis of a cylindrical coordinate system in a cartesian coordinate system?

or O(pcos@e +psinge +z¢€,)

This represents the rate of variation of 7 with p keeping ¢ and z constant=s it is a vector parallel to the p -axis

g = =

"0\ op

_ or O(pcospe +psinge +z¢e,)
e = = =
T0p N 0

= cos pe, +sin ge,

—psinge, + pcosge,

This represents the rate of variation of v with @ keeping p and z constant= it is a vector parallel to the ¢ -axis

EXERCISE:

Express in a cylindrical
coordinate system
(i.e.using ¢, and ¢, )
the vector (from the origin):
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The coordinate curves are defined by the
intersection of the coordinate surfaces

X

COORDINATE CURVES

z

yz-plane

xy-plane

Cartesian coordinate system:

coordinate surfaces: xy-plane yz-
plane and xz-plane

coordinate curves: x-axis, y-axis,
z-axis.

v

X

Cylindrical coordinate system:

coordinate surfaces: a cylinder with axis along the z-
axis, a plane parallel to the xy-plane and a plane that
contains the z-axis

coordinate curves: a straight line parallel to the z-axis, a
circle parallel to the xy-plane and centred on the z-axis,

a straight line parallel to the xy-plane and passing by the
z-axis



CURVILINEAR COORDINATE SYSTEMS

Consider a cartesian coordinate system x, y, z
The surfaces x=c y=c and z=c are the coordinate surfaces.
Their intersection defines the x-axis, y-axis and z-axis




CURVILINEAR COORDINATE SYSTEMS

’ ’ u3’/

Consider a cartesian coordinate system x, y, z

The surfaces x=c y=c and z=c are the coordinate surfaces.
Their intersection defines the x-axis, y-axis and z-axis

Consider another coordinate system defined by
the variables u,, u,, u;

We assume that there is a one-to-one relationship
between x; and u,,

so that x; can be expressed as a function of u; (and vice-versa):

(x= f(u19u27u3)
y = g(u19u29u3)

. =h
- The surfaces defined by u,=c (2 = hluy,uy,13)
are called coordinate surfaces

.

- The curves defined by the intersection of the coordinate
surfaces are called coordinate curves

- The 3 curves u,, u,, u; are the coordinate axes



CURVILINEAR COORDINATES: basis and scale factors

A
U P.(x,y,z)
Point P the basis is defined by dr
the unit vectors: y U,
\?s$ A A A e
Q\?/ro X,V Z ex e eZ (dx,dy,dz) ’
¢ e, u;
& 2 2
0?*\\\\/\ 7/[], MZ’ uj’ H H éz éy él
G > >
x X
An orthogonal curvilinear coordinate system
has an orthonormal basis {é.¢,.¢,} in each point and
DEFINITION ) 1 o7 . o
. =——— Wwith scale factor h =|—
. ou, ou,
_ G| ter| 1 |er| )
magnitude 1 &]= hou,| h|ou,|
Orthonormal: =é-e. =0.
A 1 or 1 or ' P y
orthogonal ¢ =—————=0 fori#j
h, ou, h 8u
a a a_ ’ Kronecker delta
r r n n n
dr =—du, + —du, + = hedu, + h,e,du, + he,du,
ou, u, u3

dr =) hdugé




ORTHOGONAL CURVILINEAR COORDINATE SYSTEMS

Two coordinate curves u; and u; are orthogonal if their basis are orthogonal

where the curves intersect:

I T o withiz]
Ou; Ou,

example from the cylindrical coordinate system

If the coordinate system is orthogonal, scalar product and cross product can be
calculated in the "usual” way:

-

V-W=vW +V,W, +V3W3

>

Vv = vlel + V2€2 + V3€3 } | 62 63
f— <

w=wse, + w,e, +we, VXW=|Yy v, v,

ww, W

\

Proof: try it at home. You can apply the same logic we have used in week 1
when we discussed "basic vector algebra”



DIFFERENTIAL ELEMENTS

In a Cartesian coordinate system:
dr =(dx,dy,dz) = dxé, +dyé, +dze,
dS_ = dydz

dS, = dxdz
dS. = dxdy
dV = dxdydz

In an orthogonal curvilinear coordinate system:

dr = hdu,e, + h,du,e, + h,due,

dl = hdu,
dl, = h,du,
dl, = hdu,

dS, = h,h,du,du,
ds, = hh,dudu,
dsS, = hh,du,du,
dV = hh,h,dudu,du,

A

 Z

ds,
dS} dz
ds, -

dx y

dy
U,
ds;
s h;du;
dS;
h,du,



CYLINDRICAL COORDINATE SYSTEM

Orthonormal basis

X=ppCOosQ
y=psing

z=2Z

F=pcospe, +psinge +ze,

P L
- Ou, 8ul.
or A A
——=cosgeé, +singe,
r .. . ( . 1 or
a———PSIH¢€x+PCOS€0€y e, =h—6——cos¢e +smgoe
7 % P
—=e, . 1 or . A A _
0z 19 =75 =singe, +cosge, dl, =dz
: ®
h, \/coszgo+sm2(o:1 ? dl =dp
: — |, 1o g
h¢:\/(—psin(p) +(pcosp) =p ez_h_g_ez dl(D = pdo
h. = ds , = pdodz
 EXERCISE: express in a cylindrical coordinate _s_y_/_s_’[_e_r_r_}_’t_r_w;_p;gs_,l_t_lg)_r;_} ds. = pdodp
' vector 7 of a point located at coordinates p, ¢, z dV = pd pdpdz o




F_ =—-ma=—-mv =—mr

Tt

————————

(in cylindrical coord.)

e d d f—*:() (the radius does not change in time)
#:_’”;:_(poAp +p0ép +Z.0éz +ZOéZ):
dt dt ;» =0 (the rotation is on a plane z=constant)
(T S S -
2 e, = E(COS @e_+sin qoey) =—@singe,_+@cosgpe, = gb(—sm @e_+cos (pey) = ¢e¢;
: |
i d |
le. =—(0,0,1)=0 i
oV oo _.5
_d N AP e A A N o A con coon ) e n c2 A
= E(po%) =(p@8, + P, + Poe, ) = (Po8, + PoiPe, — P92, ) = py (e, - 9°¢, )
% e,= %(—sin @e, +cos (oéy) =—@cospe, —psinge, = —gb(cos @e, +sin (péy) =-@e, :
l

In the book, this is the target problem of Chapter 3.



PRACTICAL EXAMPLE: THE BIOT-SAVART LAW

The magnetic field in a point P of a steady line current is given by the Biot-Savart law:

AZ

EG}:ﬂdelyGtﬁﬂ)

— 3
4ﬂL |r—r1

Where dI 'is an infinitesimal length along the wire,
r is the position vector of the point P and
7' is a vector from the origin to d/ '

Therefore, 7 —7 ' is a vector from dl ' to P

10



PRACTICAL EXAMPLE: THE BIOT-SAVART LAW

(see section 8.2 in “leoretisk Elektroteknik Stationdra fenomen” by G. Petersson)

The magnetic field in a point P of a steady line current is given by the Biot-Savart law:

— dl 'x(7 =7
B(T)z'uolj ( )

3
47Z'L ‘r— '

Calculate the magnetic field in P: x,e, + ¢,
produced by a straight wire along the z-axis
with current I and length 2b and centred at z=0.

SOLUTION:

Ifr,= \/xj +y§ is the distance from the origin to P,
LT =T p+ze —re (P is at z=0)

in a cylindrical |} _—, | A ’ / / ,

coordinate system: ro= e (the wire is along the z-axis)
: J— - __ A [ — bvall | 2 !2
. r-r'=re,—z'e, = |r—r|—\/rc +z

The curve L (a wire :'_ TN A = .

along the z-axis) can - [(z)=z'e =dl'=dz'e,

be parameterized as: \_ with z':—b—+b

dl_'x(F—F')zdz'ézx( re,—z'e )=rcdz e,

b

' '
B = ,uOI J-b rdz'e, é dz P v . z ol 2b 5
- 3/2 n 32 7 T c - [ [
2 2 2 2 2 2 2
7/- +z / ],-C +Z' ) 472' ]/C rc _|_Z' " 47Z'rc ]/C _|_b
; : T—r o - 5 Mol
¢, does not depend on z, so you can move it out from the integration. Ifthe wire is lnﬁnltely long,we can calculate the lll’l’llthl’ b—oo0 = B(T) — Le
But, in general, &,is not constant so you need to integrate it. 27 I, ¢ 11




WHICH STATEMENT IS WRONG?
1- jzépdzzépjzdz
2- éz is constant everywhere

3- J‘gaégpdgo = éwjgaa@

NN
1

In a cylindrical coordinate system

* O -

the position vectoris 7 =pe, +ze,



TARGET PROBLEM

The electric field is conservative. The electrostatic potential V is defined by: E = —gradV

E =—gradV
divE =0

first Maxwell’s equation with no charge

—=div (gma’V) =V?V =0 Laplace’s equation

ool

Calculate the electrostatic potential generated
outside a spherical charge.

A
v

Due to the spherical symmetry, the solution
will depend only on the radius: V =V (r)

with r = ‘7‘

We need to:

* introduce spherical coordinates

 calculate gradient and divergence in spherical coordinates
 solve the equation

13



SPHERICAL COORDINATES

z
spherical coordinates are an
example of curvilinear coordinates
cartesian coord.
P: Xoo Yo 20 M '71 """"""""""""""""" [
Y P .
spherical coord. = | .
; r !
P: r, 9) % i h
( 2, 2, 2 : -~ 0 !
V= \/ X +y +z ! ~ i
i 0 D i
[ 2 2 '. <
X t+y '. S
Jtanf =—— ': ~ oy
\ o2 :,' //’
y4 OSI"_OO 'n‘ ‘~-__?,—’ d}?& ! x“%’c/'/
tanp=y/x d N
=7 0<f0<r . (
) 0 < L rsin@sing
( . 34 I/II
x =rsinfcos @ x

Jy =rsin@sin@

\z=rcos<9



SPHERICAL COORDINA
Systems:

coordinate surfaces anc
coordinate curves

= coordinate surfaces:
o asphere centred in the origin
o a cone with axis along the z-axis
and vertex centred in the origin
o a plane that contains the z-axis

= coordinate curves:
o a straight line from the origin to
P
o acircle parallel to the xy-plane
and with centre on the z-axis
o acircle parallel the z-axis and
centred in the origin

15



SPHERICAL COORDINATE SYSTEM

Orthonormal basis

-

X =rsinfcose
Jy=rsinfsin@

z=rcos@

Ve

r=rsinfcospe +rsinfsinpe, +rcosbe,

or . A o A A
— =sin @ cos@e_+sin@sin pe  +cos e
ar P y z

87 ~ . ~ . ~
— =rcosfcospe_+rcosfsinpe, —rsinbe
ae X y z
or . A . n
Py —rsin@singe, +rsinfcosge,

2

h = \/sin2 O cos’ ¢ +sin’ @sin’ p+cos” 6 =1

h, = \/(rcosﬁcos go)2 +(rcos(9singo)2 +(rsin (9)2 =

h, = \/(rsin@singo)2 +(rsin(900$ g0)2 =rsind

-

e :ig—r—smﬁcosgoe +sin@singpe, +cos e,

_Or
e, = }%% = cos 6 cos pe, +cosOsinpe, —sin e,

0 .

| o dS. =r’sin0dOdy
%~ g% T smpe Teospe dV = r* sin OdrdOdp

_______________________________________________________

16



GRADIENT IN CURVILINEAR COORDINATE SYSTEMS

0¢ 0¢ a¢j op, 04, 04,

In a Cartesi dinate system: rad¢ = ,—,
n a cariesian coordinate sysiem g ¢ (ax ay aZ ax ay % 82 z

And in a curvilinear coordinate system?
We must express gradg¢ in terms of the curvilinear basis ¢€,,¢,,€;:

gradg = f.e + f,e, + f.e
since d¢=grad¢-dr and dr =hdue + h,du,e, + hdu.e,
dg =(fié,+ f:6,+ :&,)- (M, + hydus@, + hydu,é, ) = fyddu, + f;hyddu, + (f

~ ’
S~ ~_ -7 A
/’\ -~

a > /,é N
But also, writing ¢ as a function of u;: d¢_ ¢ ——du + ¢ du T ¢ du3
oy 8u2 ‘aus
Therefore: 7 zi%’ £ :L@’ 7= 1 0¢
h, Ou, h, ou, h ou,

1 04 .

radg =Y ———e.
grad¢ ~h ou, 17




GRADIENT IN CURVILINEAR COORDINATE SYSTEMS

THE GRADIENT
= in a cylindrical coordinate system:

gradp=—0¢ (100, 10b, 00, 100, O,

h,op " h,0p " h 0z |0p " pop " 0z °

= in a spherical coordinate system:
gradg—~P 100, 109, 100, 100, 1 09,
h.or ' h,00 " h,0p " |Or " ro@ rsin@ op *

————————————————————————————————————————————————————————————————————————————————————————————————————

CURL IN CURVILINEAR

DIVERGENCE IN COORDINATE SYSTEMS
CURVILINEAR COORDINATE SYSTEMS

he, he, he,

1 i(A1h2h3)+i(A2h3hl)+i(A3hlh2) rotZ: ! 0 0 0
hh,h, | Ou, ou, ou, hhh |6u, — ou, ou,

divA =

hlAl h2A2 h3A3

Proof: see theorem 10.2, page 186

Proof: see theorem 10.3, page 188

18



TARGET PROBLEM

Due to spherical symmetry )
VI =0 V=rr)
Which can be written as: with r = ‘7‘ < o >
VYV = div(gradV) =0

Due to spherical symmetry, the solution is easy in spherical coordinates

ov 1oV 1 oV} oV. 10V, 1 or.
gradV: , — , - = e +———-e,+ . _e(p v
or r 060 rsinf Og or r 06 rsiné op

= 1 0 0 0 1 0 . 0 : 0
divA = hlh2h3 |:8—1(A1h2h3)+a—uz(142h3h1)+6—u3(A3hlh2 ):| = ;/-2 sind |:5<Arlf'2 S1in 9)4—%(1407' Sin 9)4—%(}"/140 ):|

2
div(gradV)=— 1 g (aVr2sin0j+i(la—Vrsin0j+ 0 r 1 ov :%5_V+812/
r-sin@| or\ or 00\ r 06 op rsmé’_&g r or Or
=0 —0

\ /

Spherical symmetry = no 6@ and no ¢ dependence

oV 20V
+_

C —
v rarzo = V(r)z—;+d E=—gradV =

19



WHICH STATEMENT IS WRONG?

1- The scale factor is necessary to calculate the gradient
2- The scale factor is necessary to calculate the divergence

3- A spherical coordinate system is an example of
an orthogonal coordinate system

4- In a spherical coordinate system

the position vectoris: 7 =r¢, +0e, + e,

VAN

|
@
*
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