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This week
 Curvilinear coordinate systems:

 Basics of any curvilinear coordinate systems:
• basis vectors
• differential elements
• derivative of the basis vectors

 Specific examples:
• cylindrical coordinate system
• sperical coordinate system

 Gradient, divergence and curl in a curvilinear coordinate system
 grad, div, rot in a generig curvilinear coordinate systems:
 Specific examples:

• grad, div, rot in a cylindrical coordinate system
• grad div, rot in a sperical coordinate system



Connections with previous and next 
topics

 It is a generalization of cylindrical and spherical coordinate systems (week 1)

 It will allow to calculate gradient, divergence and curl in coordinate systems that are
not cartesian (week 1 and 3)

 It will introduce part of the formalism necessary to solve Laplace’s and Poission’s
equations (week 6)



TARGET PROBLEM

• An athlete is rotating a hammer
• Calculate the force on the arms of the athlete.

armsF F
F ma

dva v
dt
drv r
dt

r

= −

=

= ≡

= ≡





(in cylindrical coord.)

We need
• to introduce curvilinear coordinates
• to describe cylindrical coordinates
• to calculate the derivative of êρ

z

FarmsF
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CYLINDRICAL COORDINATES

Cylindrical coordinates are an 
example of curvilinear coordinates

cartesian coord.   
P:  x,  y,  z

cylindrical coord.  
P:  ρ,  ϕ,  z

2 2

cos
sin

tan /

x
y
z z

x y
y x

z z

ρ ϕ
ρ ϕ

ρ
ϕ

=
 =
 =

 = +
 =
 =

0
0 2

z

ρ
ϕ π

≤ ≤ ∞
≤ ≤

−∞ ≤ ≤ +∞

2

x

y

z

P
êρ

êϕ

ˆze

êρρ

ˆzze

ˆ ˆzr e zeρρ= +

ϕ
ρ

z



How to express the       and      axis of a cylindrical coordinate system in a cartesian coordinate system?êρ êϕ

ˆ ˆ ˆ( cos e sin e e )
ˆ ˆcos sinx y z

x y

zre e eρ

ρ ϕ ρ ϕ
ϕ ϕ

ρ ρ
∂ + +∂

= = = +
∂ ∂

CYLINDRICAL COORDINATE SYSTEM: “informal introduction”
cos
sin

x
y
z z

ρ ϕ
ρ ϕ

=
 =
 =

ˆ ˆ ˆ( , , ) x y zr x y z xe ye ze= = + +
( cos , sin , )r zρ ϕ ρ ϕ= =

ˆ ˆ ˆcos e sin e ex y zzρ ϕ ρ ϕ= + +
(in a cartesian coordinate system)

x

y

r
ϕ

êρ

êϕ

ˆxe

ˆye

( , , ) ˆ(1,0,0) x
r x y z e
x x

∂ ∂
= = =

∂ ∂

( , , ) ˆ(0,1,0) y
r x y z e
y y

∂ ∂
= = =

∂ ∂
This is the rate of variation of with y keeping x 
and z constant⇒ it is a vector parallel to the x-axis

r

This is the rate of variation of with x keeping y 
and z constant⇒ it is a vector parallel to the x-axis

r

ˆ ˆ ˆ( cos e sin e e )
ˆ ˆsin cosx y z

x y

zre e eϕ

ρ ϕ ρ ϕ
ρ ϕ ρ ϕ

ϕ ϕ
∂ + +∂

= = = − +
∂ ∂

This represents the rate of variation of with ρ keeping ϕ and z constant⇒ it is a vector parallel to the ρ -axisr

This represents the rate of variation of with ϕ keeping ρ and z constant⇒ it is a vector parallel to the ϕ -axisr

P1

EXERCISE:
Express in a cylindrical
coordinate system
(i.e. using and      )
the vector (from the origin):

êρ
êϕ

ˆ ˆx yv xe ye= +

3

r

ˆxe

ˆye

'r



xz-plane

xy-plane

yz-plane

COORDINATE CURVES

4

Cartesian coordinate system:
 coordinate surfaces: xy-plane yz-

plane and xz-plane
 coordinate curves:  x-axis, y-axis, 

z-axis.

The coordinate curves are defined by the 
intersection of the coordinate surfaces

x

y

z

Cylindrical coordinate system:
 coordinate surfaces: a cylinder with axis along the z-

axis, a plane parallel to the xy-plane and a plane that 
contains the z-axis

 coordinate curves:  a straight line parallel to the z-axis, a 
circle parallel to the xy-plane and centred on the z-axis, 
a straight line parallel to the xy-plane and passing by the 
z-axis

r

êρ

êϕ

ˆze

x

z

y

P



x=0

Consider a cartesian coordinate system x, y, z
The surfaces x=c    y=c  and  z=c  are the coordinate surfaces. 
Their intersection defines the  x-axis, y-axis and z-axis

5
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z
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z=0

CURVILINEAR COORDINATE SYSTEMS



CURVILINEAR COORDINATE SYSTEMS

Consider a cartesian coordinate system x, y, z
The surfaces x=c    y=c  and  z=c  are the coordinate surfaces. 
Their intersection defines the  x-axis, y-axis and z-axis

1 2 3

1 2 3

1 2 3

( , , )
( , , )
( , , )

x f u u u
y g u u u
z h u u u

=
 =
 =

We assume that there is a one-to-one relationship 
between xi and ui, 
so that xi can be expressed as a function of ui  (and vice-versa):

- The 3 curves u1, u2, u3 are the coordinate axes

Consider another coordinate system defined by 
the variables  u1, u2, u3

- The surfaces defined by ui=c 
are called coordinate surfaces

- The curves defined by the intersection of the coordinate
surfaces are called coordinate curves

5

u2u1

u3
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u3=0
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CURVILINEAR COORDINATES: basis and scale factors

x

y

z

x, y, z

the basis is defined by
the unit vectors:

ˆ ˆ ˆx y ze e e

ˆyeˆze

An orthogonal curvilinear coordinate system 
has an orthonormal basis in each point and{ }1 2 3ˆ ˆ ˆ, ,e e e

1
î i

i i i

r re with scale factor h
h u u

∂ ∂
= =

∂ ∂

DEFINITION

ˆxe

3̂e

2ê

1̂e

magnitude 1 

orthogonal

1 1ˆ 1i
i i i i

r re
h u h u

∂ ∂
= = =

∂ ∂

1 1ˆ ˆ 0i j
i i j j

r re e for i j
h u h u

∂ ∂
⋅ = ⋅ = ≠

∂ ∂

Orthonormal: ˆ ˆi j ije e δ⇒ ⋅ =

Kronecker delta

Point P

u1

u2

u3

dr

( , , )dx dy dz

1 2 3 1 1 1 2 2 2 3 3 3
1 2 3

ˆ ˆ ˆr r rdr du du du h e du h e du h e du
u u u

∂ ∂ ∂
= + + = + +

∂ ∂ ∂

P  (x,y,z)

? ?u1, u2, u3

ˆi i i
i

dr h du e= ∑
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ORTHOGONAL CURVILINEAR COORDINATE SYSTEMS
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Two coordinate curves ui and uj are orthogonal if their basis are orthogonal 
where the curves intersect:

0
i j

r r
u u

∂ ∂
⇒ ⋅ =

∂ ∂

example from the cylindrical coordinate system

If the coordinate system is orthogonal, scalar product and cross product can be 
calculated in the ”usual” way:

Proof: try it at home. You can apply the same logic we have used in week 1
when we discussed ”basic vector algebra”

1 1 2 2 3 3

1 1 2 2 3 3 1 2 3

3 3 3 3 3 3 1 2 3

1 2 3

ˆ ˆ ˆ ˆ ˆ ˆ
ˆ ˆ ˆ

v w v w v w v w
v v e v e v e e e e
w w e w e w e v w v v v

w w w

⋅ = + +
= + +  ⇒ = + + × = 




In a Cartesian coordinate system:

x

y

z

dx
dy

dz

( ) ˆ ˆ ˆ, , x y z

x

y

z

dr dx dy dz dxe dye dze
dS dydz
dS dxdz
dS dxdy
dV dxdydz

= = + +

=
=

=
=

1 1 1 2 2 2 3 3 3ˆ ˆ ˆdr h du e h du e h du e= + +

1 1 1

2 2 2

3 3 3

1 2 3 2 3

2 1 3 1 3

3 1 2 1 2

1 2 3 1 2 3

dl h du
dl h du
dl h du
dS h h du du
dS h h du du
dS h h du du
dV h h h du du du

=
=
=
=
=
=
=

In an orthogonal curvilinear coordinate system:

u1

u2

u3

h2du2

h1du1

h3du3

dSx

dSy

dSz

dS3

dS1

dS2

7
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CYLINDRICAL COORDINATE SYSTEM

1
î i

i i i

r re with h
h u u

∂ ∂
= =

∂ ∂

Orthonormal basis

cos
sin

x
y
z z

ρ ϕ
ρ ϕ

=
 =
 =

ˆ ˆ ˆcos sinx y zr e e z eρ ϕ ρ ϕ= + +

( ) ( )

2 2

2 2

ˆ ˆcos sin

ˆ ˆsin cos

ˆ

cos sin 1

sin cos

1

x y

x y

z

z

r e e

r e e

r e
z

h

h

h

ρ

ϕ

ϕ ϕ
ρ

ρ ϕ ρ ϕ
ϕ

ϕ ϕ

ρ ϕ ρ ϕ ρ

∂ = +∂
∂ = − +∂

∂
=

∂
 = + =

 = − + =
 =


1ˆ ˆ ˆcos sin

1ˆ ˆ ˆsin cos

1ˆ ˆ

x y

x y

z z
z

re e e
h

re e e
h

re e
h z

ρ
ρ

ϕ
ϕ

ϕ ϕ
ρ

ϕ ϕ
ϕ

 ∂
= = + ∂

 ∂ = = − + ∂
 ∂
 = =

∂
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EXERCISE: express in a cylindrical coordinate system the position 
vector      of a point located at coordinates ρ, ϕ, z.r

x
y

z

P
êρ

êϕ

ˆze

ϕ
ρ

z

êρρ

ˆzze

ˆ ˆzr e zeρρ= +

dV d d dzρ ρ ϕ=

dS d dzρ ρ ϕ=

zdS d dρ ϕ ρ=

zdl dz
dl d
dl d

ρ

ϕ

ρ

ρ ϕ

=
=

=



TARGET PROBLEM

0 0ˆ ˆz

F ma
dva v
dt
drv r
dt

r e z eρρ

=

= ≡

= ≡

= +





(in cylindrical coord.)

( )0 0 0 0ˆ ˆ ˆ ˆ

arms

z z

F ma mv mr
d dr r e e z e z e
dt dt ρ ρρ ρ

= − = − = −

= = + + + =

 

   
. .

( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆcos sin sin cos sin cosx y x y x y
de e e e e e e e
dtρ ϕϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ= + = − + = − + =   

.

( )ˆ 0,0,1 0z
de
dt

= =
.

( ) ( ) ( ) ( )2
0 0 0 0 0 0 0 0ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆd e e e e e e e e e

dt ϕ ϕ ϕ ϕ ϕ ϕ ρ ϕ ρρ ϕ ρ ϕ ρ ϕ ρ ϕ ρ ϕ ρ ϕ ρ ϕϕ ρ ϕ ϕ= = + + = + − = −           
.

( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆsin cos cos sin cos sinx y x y x y
de e e e e e e e
dtϕ ρϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ= − + = − − = − + = −   

.

armsF F= −

( )2
0 ˆ ˆarmsF mr m e eρ ϕρ ϕ ϕ= − = −  

=0 (the radius does not change in time)

=0 (the rotation is on a plane z=constant)

9In the book, this is the target problem of Chapter 3.



PRACTICAL EXAMPLE: THE BIOT-SAVART LAW
The magnetic field in a point P of a steady line current is given by the Biot-Savart law:

( )0
3

' '
(r)

4 'L

dl r rIB
r r

µ
π

× −
=

−∫
I

'dl

Where        is an infinitesimal length along the wire,

is the position vector of the point P and

is a vector from the origin to

Therefore,            is a vector from         to P

'dl

x

z

y

P

'r
'r r−

'dl'r

r

'r r− 'dl
r
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PRACTICAL EXAMPLE: THE BIOT-SAVART LAW
(see section 8.2 in “Teoretisk Elektroteknik Stationära fenomen” by G. Petersson)

The magnetic field in a point P of a steady line current is given by the Biot-Savart law:

Calculate the magnetic field in P:              
produced  by a straight wire along the z-axis
with current I and length 2b and centred at z=0.

( )0
3

' '
(r)

4 'L

dl r rIB
r r

µ
π

× −
=

−∫

x

z

y

-b

b
'dl

'r r−
SOLUTION:

( ) ( )ˆ ˆ ˆ ˆ' ' ' ' 'z c z cdl r r dz e r e z e r dz eρ ϕ× − = × − =

( ) ( )
0 0 0 0

3/2 3/2 2 2 2 2 22 2 2 2

ˆ' ' ' 2ˆ ˆ ˆ(r)
4 4 4 4'' '

b
b bc

c cb b
cc c cc c b

r dz eI I I Idz z bB e r e r e
rr r z r br z r z

ϕ
ϕ ϕ ϕ

µ µ µ µ
π π π π− −

−

 
 = = = =
 + ++ +  

∫ ∫

0 ˆ(r)
2 c

IB e
r ϕ

µ
π

=

If                                 is the distance from the origin to P,

11

2 2
0 0cr x y= +

ˆ ˆ ˆc z cr r e ze r eρ ρ= + =
ˆ' ' zr z e=

2 2ˆ ˆ' ' ' 'c z cr r r e z e r r r zρ− = − ⇒ − = +

If the wire is infinitely long,we can calculate the limit for b→∞ ⇒

ˆcr r eρ=

ˆ' zr ze=

0 0ˆ ˆx yx e y e+

ˆ( ') ' zl z z e=
' :with z b b− → +

ˆ' ' zdl dz e⇒ =
The curve L (a wire
along the z-axis) can
be parameterized as:

(P is at z=0)

(the wire is along the z-axis)
in a cylindrical
coordinate system:

ˆ  does not depend on z, so you can move it out from the integration.
ˆBut, in general, is not constant so you need to integrate it.

e
e

ϕ

ϕ

P

’



WHICH STATEMENT IS WRONG?

1-

2- is constant everywhere

3-

4- In a cylindrical coordinate system 

the position vector is

ˆ ˆze dz e zdzρ ρ=∫ ∫
ˆze

12

ˆ ˆe d e dϕ ϕϕ ϕ ϕ ϕ=∫ ∫

ˆ ˆzr e zeρρ= +



TARGET PROBLEM

Calculate the electrostatic potential generated 
outside a spherical charge.

Due to the spherical symmetry, the solution 
will depend only on the radius: ( )

with
V V r

r r
=

=

We need to:
• introduce spherical coordinates
• calculate gradient and divergence in spherical coordinates
• solve the equation

( ) 2 0div gradV V= ∇ =

E gradV= −The electric field is conservative. The electrostatic potential V is defined by:

E gradV= −
0divE =

first Maxwell’s equation with no charge

+

E

Laplace’s equation

13



SPHERICAL COORDINATES

spherical coordinates are an 
example of curvilinear coordinates

cartesian coord.   
P:  x0,  y0,  z0

spherical coord.  
P:  r,  θ,  ϕ 

2 2 2

2 2

tan

tan /

sin cos
sin sin
cos

r x y z

x y
z

y x

x r
y r
z r

θ

ϕ

θ ϕ
θ ϕ
θ

 = + +

 + =


=


=
 =
 =

0
0
0 2

r
θ π
ϕ π

≤ ≤ ∞
≤ ≤
≤ ≤
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y

z

P

ϕ

θ

x

r

r sinθ sinϕ

r c
os

θ



SPHERICAL COORDINATE 
Systems: 
coordinate surfaces and 
coordinate curves

y

z

P

x

r

 coordinate surfaces: 
 a sphere centred in the origin
 a cone with axis along the z-axis 

and vertex centred in the origin
 a plane that contains the z-axis

 coordinate curves:
 a straight line from the origin to 

P
 a circle parallel to the xy-plane 

and with centre on the z-axis
 a circle parallel the z-axis and 

centred in the origin

ˆre

êθ

êϕ

15



y

z

P
êϕ

ˆre

êθ

ϕ

θ

x

r

SPHERICAL COORDINATE SYSTEM

1
î i

i i i

r re with h
h u u

∂ ∂
= =

∂ ∂

Orthonormal basis

( ) ( ) ( )

( )

2 2 2 2 2

2 2 2

2

ˆ ˆ ˆsin cos sin sin cos

ˆ ˆ ˆcos cos cos sin sin

ˆ ˆsin sin sin cos

sin cos sin sin cos 1

cos cos cos sin sin

sin sin sin c

x y z

x y z

x y

r

r e e e
r
r r e r e r e

r r e r e

h

h r r r r

h r r

θ

ϕ

θ ϕ θ ϕ θ

θ ϕ θ ϕ θ
θ

θ ϕ θ ϕ
ϕ

θ ϕ θ ϕ θ

θ ϕ θ ϕ θ

θ ϕ θ

∂
= + + ∂

∂ = + −∂
∂ = − +∂

= + + =

= + + =

= + ( )2os sinrϕ θ






 =

sin cos
sin sin
cos

x r
y r
z r

θ ϕ
θ ϕ
θ

=
 =
 =

2 sindV r drd dθ θ ϕ=

2 sinrdS r d dθ θ ϕ=

16

ˆ ˆ ˆsin cos sin sin cosx y zr r e r e r eθ ϕ θ ϕ θ= + +

EXERCISE: ˆ ˆ ˆ, ,rexpress r using e e eθ ϕ

1ˆ ˆ ˆ ˆsin cos sin sin cos

1ˆ ˆ ˆ ˆcos cos cos sin sin

1ˆ ˆ ˆsin cos

r x y z
r

x y z

x y

re e e e
h r

re e e e
h

re e e
h

θ
θ

ϕ
ϕ

θ ϕ θ ϕ θ

θ ϕ θ ϕ θ
θ

ϕ ϕ
ϕ

 ∂
= = + +

∂
 ∂ = = + − ∂
 ∂

= = − +
∂



ˆ ˆ ˆ, , x y zgrad e e e
x y z x y z
φ φ φ φ φ φφ

 ∂ ∂ ∂ ∂ ∂ ∂
= = + + ∂ ∂ ∂ ∂ ∂ ∂ 

In a Cartesian coordinate system:

And in a curvilinear coordinate system?
We must express  gradφ in terms of the curvilinear basis                 :1 2 3ˆ ˆ ˆ, ,e e e

1 1 2 2 3 3ˆ ˆ ˆφ = + +grad f e f e f e

1 1 1 2 2 2 3 3 3ˆ ˆ ˆdr h du e h du e h du e= + +d grad drφ φ= ⋅since and

( ) ( )1 1 2 2 3 3 1 1 1 2 2 2 3 3 3 1 1 1 2 2 2 3 3 3ˆ ˆ ˆ ˆ ˆ ˆφ = + + ⋅ + + = + +d f e f e f e h du e h du e h du e f h du f h du f h du

But also, writing  φ as a function of ui : 1 2 3
1 2 3

d du du du
u u u
φ φ φφ ∂ ∂ ∂

= + +
∂ ∂ ∂

Therefore: 1 2 3
1 1 2 2 3 3

1 1 1, ,φ φ φ∂ ∂ ∂
= = =

∂ ∂ ∂
f f f

h u h u h u

1
î

i i i

grad e
h u

φφ ∂
=

∂∑
17

GRADIENT IN CURVILINEAR COORDINATE SYSTEMS



GRADIENT IN CURVILINEAR COORDINATE SYSTEMS
THE GRADIENT
 in a cylindrical coordinate system:

1 1 1 1ˆ ˆ ˆ ˆ ˆ ˆz z
z

grad e e e e e e
h h h z zρ ϕ ρ ϕ

ρ ϕ

φ φ φ φ φ φφ
ρ ϕ ρ ρ ϕ

∂ ∂ ∂ ∂ ∂ ∂
= + + = + +

∂ ∂ ∂ ∂ ∂ ∂

 in a spherical coordinate system:
1 1 1 1 1ˆ ˆ ˆ ˆ ˆ ˆ

sinr r
r

grad e e e e e e
h r h h r r rθ ϕ θ ϕ

θ ϕ

φ φ φ φ φ φφ
θ ϕ θ θ ϕ

∂ ∂ ∂ ∂ ∂ ∂
= + + = + +

∂ ∂ ∂ ∂ ∂ ∂

DIVERGENCE IN 
CURVILINEAR COORDINATE SYSTEMS

( ) ( ) ( )1 2 3 2 3 1 3 1 2
1 2 3 1 2 3

1divA A h h A h h A h h
h h h u u u

 ∂ ∂ ∂
= + + ∂ ∂ ∂ 

CURL IN CURVILINEAR 
COORDINATE SYSTEMS

1 1 2 2 3 3

1 2 3 1 2 3

1 1 2 2 3 3

ˆ ˆ ˆ
1

h e h e h e

rotA
h h h u u u

h A h A h A

∂ ∂ ∂
=

∂ ∂ ∂

Proof: see theorem 10.3, page 188

Proof: see theorem 10.2, page 186
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2 0V∇ = ( )
with
V V r

r r
=

=

TARGET PROBLEM

1 1 1 1ˆ ˆ ˆ, ,
sin sinr

V V V V V VgradV e e e
r r r r r rθ ϕθ θ ϕ θ θ ϕ

 ∂ ∂ ∂ ∂ ∂ ∂
= = + + ∂ ∂ ∂ ∂ ∂ ∂ 

( ) ( ) ( ) ( ) ( ) ( )2
1 2 3 2 3 1 3 1 2 2

1 2 3 1 2 3

1 1 sin sin
sin rdivA A h h A h h A h h A r A r rA

h h h u u u r r θ ϕθ θ
θ θ ϕ

   ∂ ∂ ∂ ∂ ∂ ∂
= + + = + +   ∂ ∂ ∂ ∂ ∂ ∂  

( )
2

2
2 2

1 1 1 2sin sin
sin sin

V V V V Vdiv gradV r r r
r r r r r r r r

θ θ
θ θ θ ϕ θ ϕ

  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   = + + = +      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      

Spherical symmetry ⇒ no θ and no ϕ dependence

=0 =0

2

2

2 0 ( )V V cV r d
r r r r

∂ ∂
+ = ⇒ = − +

∂ ∂

Due to spherical symmetry

Which can be written as:

Due to spherical symmetry, the solution is easy in spherical coordinates

+

E

19

( )2 0V div gradV∇ = =

2 ˆr
cE gradV e
r

= − =



WHICH STATEMENT IS WRONG?

1- The scale factor is necessary to calculate the gradient

2- The scale factor is necessary to calculate the divergence

3- A spherical coordinate system is an example of
an orthogonal coordinate system

4- In a spherical coordinate system

the position vector is:  

20

ˆ ˆ ˆrr re e eθ ϕθ ϕ= + +
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