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PROBLEM 1

A dipole is formed by two point sources with charge +cand-c
Calculate the flux of the dipole field on a closed surface S that

(a) encloses both poles
(b) encloses only the plus pole
(c) does not enclose any pole

Vector field from — _ -7
a point source A(r)=c 3
located inr,: |7” - 7"0|
Vector field from o o
two point sources with Z(?) —c r-n r—-n
opposite charge - |_ B _|3 |_ - |3
located in'r,and r, r=n r=n
Flux from _ 0 If the origin is outside V'
a point source: 4e  Ifthe origin is inside V

el s e s e s
N

r—r r—r, s |r h s |r—r
(@)  §p()-dS= 4 7 4mc =0
(b)  f()d5= 4 7c 0 = 4c



PROBLEM 2

Betrakta féljande vektorfalt (i sfariska koordinater):

4 .
3+7r"sin@ . 5 n
= e +re,

A=

Berakna flodet av vektorfdltet ut genom en
cylinderyta S med radien R, axel langs é,,.

langd z, och centrum i origo. Flédet genom
cylinderns tva cirkuldra lock skall medraknas (S ar
en slutenyta).




SOLUTION to problem 2

_[A -dS = I(3+r s1n(9 -dS =I —e +r’sin@e, +r’é J ds =

Gauss’ theorem

J/ \

N

= J.(%érj-d_+j.(r2 sin 9é, +r2é¢)-d_:1 7r+]V-(r2 sin @é, +r2é¢)dV\:
g g )
Y\

Theorem 16.1

. . . _ 1 . 1
in a spherical coordinate system: V-v = Li(rzvr ) +— i(sm Ov, ) +— i(v(p)
r° or rsiné 06 rsiné o

so:V-(rzsineé,,+r2é¢):izi(r4sin0)+ 1 i(,,z) 47° sin 6

r- or rsinf 0p

=127z+j4rsin0dV=

{Note that the volume is a cylinder. And that rsin 8 = p}

R
= 127z+j4pdV =127z+j4p2d¢dpdz =127z+87zzojp2dp =127 +87Z, l:%,oﬂ = 127z+§7zZOR3
14 V V

0



SCALAR LAPLACIAN: USEFUL EXPRESSIONS

The Laplace equationis V’¢ =0

The Laplace operator V* is the divergence of the gradient:

CARTESIAN COORDINATE SYSTEM |

_[ 2 29 o9
* GRADIENT "oy o
y =
— 04 04 A
* DIVERGENCE V-A:8 =+ y.|-a E
ox 0y Oz

Y,

CYLINDRICAL COORDINATE SYSTEM
3\
99 104 %j
I

op’ pop oz
SPHERICAL COORDINATE SYSTEM

eGRADIENT V¢= (
y >

*DIVERGENCE V-4 =

i@(pAp)+l8A¢+aAz
p  Op p op Oz

op 10¢ 1 0¢
° V = s T T o .
GRADIENT ¢ (a,, r 00  rsinf o
— 1a,, 1 o, 1 0
. V. d=—2(24 )+ —(sinf4,)+ A
DIVERGENCE " ar(” ) rsingag( ) rsin@aq)( ’)

J

Y —=>

V=V -V
CARTESIAN
2 2 2
vo(08,08, 00
ox~ oy~ Oz
CYLINDRICAL
2 2
V2¢:li p% +L28 ¢; +a_?
pop\" Op) p Op° Oz
SPHERICAL
2
vy =FL2§[V2 Z_f}L P sline%(sme%j+ r siln2 0 86 f
»




PROBLEM 3

An infinitely long cylinder with radius R has a charge density p_.
Calculate the potential and the electric field:

(a) Inside the cylinder
(b) Outside the cylinder

Assume the potential on the surfaceis V..

SOLUTION !
Due to the symmetry of the problem, C)
the solution will depend on the radius only: ¢=¢(p)

Inside the cylinder
vig=—Le
¢ ‘.

cylindrical coord.

V2¢:l8( 8¢)+ 1 62¢+62¢ _&

P 2 A 2 2
pop\  Op) p° 0p° oz &
\ ) H_J
:O :O ) Because the solution
depends only on p

The equation becomes:

1 o o¢ P.
0 -
pop\ Op €




Multiplying by p Integrating in p

Pe
2¢, P
-~
a

P \ Divergent at p=0
A solution with a#0 would

not have a physical meaning
= a=0

-

p(p)=clnp+d

Dividing by p
Lof, o0 \__p 2, O, 00| _p, L ,00__P p,, 2 O90_
pop\" Op & op\" Op & op 2g, op
— d d d d
E=—V¢=—( i(p)’l #(p) ¢(p)j g 90 | o,
p p do dz dp 2¢,
:O — Because the solution
depends only on p
o¢ P Pe 2
— =P = =—=—%p°+b
o 2 p/ o(p) . P
Integrating in p
Outside the cylinder
V2¢ — () «—— Thereisno charge
And the equation becomes:
1 0 0
pop\  op /apap [ap IppI
Multiplying by p Integrating in p Dividing by p Integrating in p
dp p




in ,06 in p 5
E =+— — __I7c
Fp)=t P #"(p) == =p'+b

0 80

C

E;)ut —— ¢0ut(p)zclnp+d

Now we must determine the three constants b, ¢ and d.
We have three conditions:

(1) Continuity of the electric field at p =R

(2) The potentialat p=R

(3) Continuity of the potential at p=R

() E'R=E"R) = +2p—cR=—5 3 = ¢"(p)=-LRInp+d
%o R 2¢,
(2) ¢out(R):I/0 j— _&RZIHR'FCZ:V;) = d:I/O_l_ pc RzlnR
26‘0 280

:>¢0”’(p)=—2p—cR21np+d=—2p—CR21np+Vo+2pc R’mR=v, -« Rzln(%j

B) s R)=¢"(R) = V,-L th{ﬁj:—&R%b = (b=v,+ LR’
2¢, R 4, de,
H_J




. 2 in _ pc
#"(p) =V, + =R | 1= B
4¢, R

2

out P 2 1% OW_pCR
_y — P prp| 2 g =P
G (Rj —

.

R P R

b"

Note that: lim @(p) = —©
p—>0

So, this solution is unphyiscal.

How is this possible? This is because infinitely long cylinders do not exist.

Nonetheless, the solution can be considered as a reasonable approximation for cylinders with
R<<L (where L is the length of the cylinder).



PROBLEM 4
Use the Gauss theorem to calculate the flux of the vector field: 4 (p,p,z)=z P -

on the surface S: x2 + y2 + (Z —2)2 =4 4

SOLUTION

The field is singular at p=0 (the z-axis)
The Gauss theorem cannot be applied on S.

We divide V into two volumes:
V=V,+V,
X

Thin cylinder with radius ¢ along the z-axis

The surface, boundary to V,,, is: S + Sg — S] — Sz

v

V, does not contain the z-axis
.- = we can apply Gauss Y

7
I
4
7
/

[[4()-ds = H A(F)-dS =
S S+S,-S,+5, X
5,45, -5,

4
4
7
!

-——— -

\

_ ” A(F)-dS + ” A(7)-dS :f”dindV+ ” A(7)-dS

*S+S,.-5,-8, ~S,+8,+S, =S +51+5,

~



_mcﬁvAdm [[ 4G)-ds mdedV jjA(r) dS+”A(r) dS+_UA(r) ds

=S, +85,+5,

! 11 i 4
Integrals III and IV are zero:

[[4G7)-ds = | zpz_lép-ézdS:O
S, / S, P —
=0

lim dS =é.dS

1)-d5 = —[[22-"26 6 .ds -
_LUA(I’)-dS/_ gz . ﬁdS 0
=0

lim dS = —¢.ds

d§:—é ds dS = edpdz
Integrals I is: becau / nS,: p=s
_HA(”) dS = dS ﬂ S ” £ _lgdgodz —

1L

2+\/E
(52—1)d¢dz =27 (&’ - 1) j zdz =87 (&" —1)V4-&
Sz

2-/4

ﬁ'—'.

10



But the cylinder is very “thin”, which means that we need to calculate the limit for: s - 0

lim87 (&’ ~1)V4—&” 516z

c—0

f;ojdivzd}: jyjojdi{z ]J -1 [ _ljdV - (2=

The volume is a sphere with centre in the point (0,0,2)
Therefore, to use spherical coord. a coordinate transformation 1s necessary: z’=z-2

jjjzde=”j2(z'+z)d1/=j”4dV+mzz'dV=44’;23 + [[[ 27 cos 617 sin 0drd6d
V Vs v, V. V.

3 4 2 3

—_

0

1287 +2{ﬁ}2 27{_ cos’ HT | 1287
0 0

1+11+111+1V_%—167z+0+0_m7”

11
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