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PROBLEM 1
Calculate: ”SZ .dS  where the vector field is: 4= (x,v,2)

and S is a cube (length 2 each side) centred in the origin.
The normal to the surface points out from the cube

(a) In a direct way (using the parameterization of the surface).
(b) Using Gauss’ theorem

SOLUTION (a) HSA-dS — Z”S A-dS
z
[ y Let’s start with S,
| S, 1- parameterization of S;:
Sl N\
— > y = 1
y [—
S, |x|<1>:>r(u,v)=(u,1,v)
u—1->+1
/ | |Z| <1 vi-l>+1




2- Integral calculation:

ISlA ds = [ | (7w, v))- [alx%jdudv

or
T —q,o, 0)
ou or or
F=> | —X— | = (O, —1, O) The normal is pointing inside the volume = remember to change
67" ou Ov the sign of the flow in the final answer.
=(0,0.1)
v

[ Ad5= L [ @.1v)-0.-1,0)dudv = [ [ dudv=-4

Due to the symmetry of the problem we have:

J_s,
= [[ 4-dS=3 || 4-dS=6-(-4)=-24
We need to change the sig; of the flow: ~ —> ”S A-dS =24

(b) S is a closed surface and A4 is continuous and differentiable = we can apply Gauss’ theorem

LjZ-dE:jﬁa’indV |

= ([4-aS = [[[3av =37 =3-2° =24
divid = - 5Ay+8AZ:1+1+1:3 :Lj j‘lj
ox Oy 0Oz

J



PROBLEM 2

Calculate ” ng using Gauss’ theorem
S

where the vector field is: A= (x3 , y3, 23)

| | X*+y'+z° =R’
with S an open surface defined as the half sphere:
x+y>0

SOLUTION

But S is NOT a closed surface!
So we can consider the surface
APEARIN

plane

ﬁZZ-dE: maﬁdeV
S0t V

|[4-as=$4-as- [ 4-d5

A S0t S

plane




ﬂ A - dS Jj j div AdV J‘ J' A dS So we have transformed a surface integral

into a volume integral minus another surface integral
S What is the advantage?

lane .
P They can be calculated much easier!!

Let’s consider the second integral.

g x> +y°+2z° <R’
plane
x+y=0
071 Splane x:_y

OnS,,. thevectorisperpendicularto 7 = ” A-dS=0
Splzme
Let’s consider the first integral. Spherical coordinates
—_ 04, 8A 0A l
” divAdV with  divA = Y2 =3x"+3y" +3z° =37’

8x oy 0Oz



since  divA = 3r° " foimme”y ”.“ divAdV :% ”—[ divAdV
V %
2r w R 27 - . 12 RS
” divAdV = jjj3r2 r” sin OdrdOd ¢ :3_[ d¢jSin9d9jr4 dr = 7;
Viphe 000 O

i | _ 671 R’
- jﬂdszdV:EV_mdszdei

”A .dS = mcﬁvAdV H 56T’




PROBLEM 3 (example 9.2 in the book)

Med hjalp av Stokes sats, berakna linjeintegralen av vektorfaltet
A(r) = xeé,,

langs cirkeln C med radie 1, centrerad i punkten (—1,1,0). Cirkeln ligger i xy-planet
och har en kontur som ar orienterad moturs, sett fran positiva z-axeln.

SOLUTION

E{)Z-d?z”mtz-dg
C S

— . ox \ . oxX \. . 47
rotA:rot(xe )= ——le,+| — |e. =e, /
g Oz Ox — = e >

S5 s 2 /c

For S we can choose any surface that has the boundary on C. The = = = N

simplest choice is the surface corresponding to the area that lies in - I

xy-plane inside C. /

According to the right hand rule, the normal will be in the é, direction //x

| A4-dr =|[rotd-ds =|[e.-dS = [e.-e.ds=[[dS =
C S S S S



PROBLEM 4

Calculate the line integral of the vector field: A = (y +2Xx, x°+ Z, y)

along the closed curve: {7(1/!) = (cosu,simu, f(u)) with f(u)=f(u+2r)

u:. 0-2rx
(a) directly
(b) using Stokes’ theorem TZ
SOLUTION

The curve is on the cylinder
defined by (cos u, sin u, z)

On the cylinder the curve
Is defined by z=f(u)




SOLUTION (A)

— h — dr
We will calculate A-dr = A(r(u))-—du
[ 7 A 2
E:(—sinu,cosu,d—f)
du du
A7 (w)) = (sinu +2cosu,cos” u+ f(u),sinu)
:>j Z-d?:jzﬂ(sinu+200su cos’ u+ f(u) sinu)- —sinu,cosu 9 du =
I 0 5 9 5 ?du

af

2, 4 2z, 2 3 2r .
—IO sin udu—ZIO smucosudqu_“O COS udu+_[0 f(u)cosu+d—smu du =
u

; i ‘ !
u sin2u|” 2 1 o
.2 & . .3 . 27
_[__ } —[sm u}o +[smu—§sm u} +| f()sinu] " =—-7x

0




QT _ 5 Remember that the
S, =n,S, . . :
_ orientation of the

S, =nsS, normal must be
SOLUTION (B) chosen to be
z consistent with the
7 orientation of the
S — —_ S2 \ T " curve L (using the
-[ A . d? — J‘J. I/.OtA . d S i right-hand rule)
L S S=S,+S, A, :
4—
e, e, e.
— 0 0 0
rotd=| — £ Z=(1-1,0-0,2x—-1)=(0,0,2x—1)
ox oy Oz >
y+2x x4z y *

rotA is in the z-direction = _” rotd-dS =0

Sy

jldf:jjmi-dE:jjth-dEZ :”(0,0,Zx—l)-ézdxdy:”(2x—l)dxdy
L S S, S, Sy

T

cylindrical coord. e. is the direction of i,

1
[ [(apeoso-pdpio=2]"swspief o] o] pip=-21] 2| =

0
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