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PROBLEM 1

Calculate the potential ¢ for the following vector field: 4 = 2xze_+ ZZzéy — (x2 + 4yz)éz

Step 1. Verify that the vector field can have a potential: 04, - o4, o4, = 04, 04, :%
oy  Ox oz Oy ox Oz
04 04 04 0A,
—x =0 —2 =0 X Y
P o = o Theorem 5.1
0A 0A 04, 04 -
p4 — 4 zZ — 4 _y:_z . .
P P z = 2z oy > = A might have a potential
o4 _, A _, oA _04
Ox 0z ox Oz )
Step 2. Calculate the potential
A= (2xz, 227, x4 4yz) (a)
= ¢ 0p 09
A=grad¢=| —,—,—
gradg ( ox Oy Oz j ®
29 _ _ 2
=2xz = ¢=xz+F(y,2) | (c)
X 1 Tes -
From (a) and (b) % = 222 :l oF IR ~e
Y 1 DD _a o Ry =222 +G(2)
¢ _0F(y,2) G
From (c) _—— \
oy oy \\
Ch=x"z+2y7" +G(2) . (d)
o _ !
From (a) and (b) — =X+ 4yZ I \\
0z = :‘ 0G(2) =0 = G(z)=const.
From (d) %:xz +4yz+@ \\ 0z
6Z 'z S

*| ¢=x"z+2yz" +const.




PROBLEM 2

Calculate the line integral of the vector field: A= (2-y)e, - xyéy +e,

(A) the curve L {

from the point (0,0,0) to the point (1,2,5)

I :
along 4x—y2:O

X’ +y'—z=0

(B) a straight line from point (0,0,0) to (1,2,0) and then from (1,2,0) to (1,2,5)

SOLUTION to problem 2 (partA)

The line integral is: ILZ(F)-dF :IbZ(F(u))-;’Edu
a u

STEP 1: we need to find a parameterization of the curve L in order to have 7 =7(u)

o

from point (0,0,0) till the point (1,2,5) = u:a—b witha=0 and b=2

If u=y we have:

2
u

4

4

U, —4u’
16

2

4
x(u) = MT yw)=u z(u)= :l_6+ u? (See problem 1 week 1)

STEP 2: we calculate the integral

3

AF () = (2 = y(u), —x() y(u),1) = [2—u,—“?1
f:(z—“,l,4—1“‘3+2u}(1,1,£+2u}
du |\ 47716 277 4
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im-gfon-)

T L, ¥
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u u

—,1,—+2ujdu=
4
2 37?
du =3 -1 _14
2 6] 3



SOLUTION to problem 2 (part B)

A(F)-dr

straight line from point (0,0,0) till (1,2,0) and then from (1,2,0) till (1,2,5) = L A(F)-dr :_[Ll Z(F)-dF+L

— —
L,

L,

» We start with the first integral.

STEP 1: parameterization of L, 7 (u) =(u,2u,0)

01
4 _(1,2,0) e
du

STEP 2: line integral calculation

- B b— dr B 1 5 B
L AF)-dr _L AGF () — - = jo (2—2u,~2u*,1)(1,2,0)du =
1
jl(z—zu—4u2)du:{M—uz—iﬂ} :(2—1—ij=—l
0 30, 3) 3

* We continue with the second integral.

STEP 1: parameterizationof L, : 7 (u)=(1,2,u)
u: 05
ar_ (0,0,1)
du

STEP 2: line integral calculation

(1,2,5)
[

L,

v

(0,0,0)

(1,2,0)

Lz Z(F) -dr :Jj 2(7(1,1)) -;I_'ZZdu _ J'OS (2-2,-2,1)-(0,0,1)du = ,[05 du =5

* Finally:

LZ(F)-dF=ILIZ(7)-dF+IL2Z(7)-dF=—%+5= .
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PROBLEM 3

Calculate the line integral of the vector field: 4= i é JSyz 5 L€ siny o

e
«/xz+y2—i-522 \/x +y +2° 1+ln (xyz)

Along the path L defined by:

From the point P,: (2,0,1) to the point P,: (0,2,1)

SOLUTION

Parameterization of L :

x=2cos@

P o) = : ar (@) _( 5.

y=2sinp; = L: 7(p)=(2cosp,2sing,1) = . =(—2sinp,2cos¢,0)
4

z=1

P1=(2,0,1) = ¢ =0
P2=(02,1) = goz:%

!Z-W:EZ(F(@)-%d(o

_ [ X \/gyz e'siny } 2cos@ ZSin(D\/g e'siny (ECOSgo . e'siny J
A: > 5 = > > = > 2Sln¢)7 17\
\/x2 +y*+52° \/x2 +y*+z2 l+In(oz) \/(2008(p)2 +(2sin qo)z +5(1)° \/(2 cos go)z +(2sin (p)2 +() 1+l (x0z) 3 1+1n(xyz)
— "2 2cos e*sin 4 (8
J.A-dF: I (0, 2sin @, ey -(—25in¢,2cosqp,0)d¢:j (——sin(ocosgo+4singocosgojd(0:I (—sinqocosqojdgo:
; 0 3 1+1n(xyz) o L 3 o \3

/2 /2
4 . 4| cos2¢p 2 4
—sin2¢ |dp=—— =——|-1-1|==
I(s ¢j¢ 3{21 =



PROBLEM 4

Calculate the line integral of the vector field: A4 = x*é_+ sinh(yz)e, + z’e,

x'—z=0
y=2
From the point P,: (-1,2,1) tothe pointP,: (1,2,1).

SOLUTION

Parameterization of L:

Along the path L defined by:
. {

dF(U)z(

y=2 = L: 7(u)=(u,2,u2) = n

2
u

1,0,2u)

z

P=(-12,1) = u=-1
P=(12,1) = u,=+

!Z-dF:IZ(F(u))-;—JZdu

A=(x", sinh(yz), z*)=(u’, sinh(u’), u')

Z-dle u’, sinh(2u®), wu*)-(1,0,2u)du =
( )
L -1




PROBLEM 5

Calculate the flux of the vector field: A = (x> =y, +(x+y)’ e, +(x— y)’e.
through the surface S: 7 (u,v) = (u+v,u—v,uv)

u: —1-1

{v: -1->1

n-e, >0

SOLUTION
The flux is the integral: ”A -dS —I I A7 (u,v))- (a—rxg—rjdudv

Z(F(u,v)):((u—irv) —(u=v),(u+v+u—v)Y,(u+v—u+v) )=’ +v +2uv—u’ +v’ = 2uv),4u’, ) =

(4uv, 4u*, 4v2) =4(uv, u’, vz)

¢ Ez(l,l,v) X y z
U dr dr A A
= —x—=1 1 v=@Wu+v,v—u,-2) n-e >0 =-S5
dr du dv z
_:(1,—1,7/!) 1 -1 u
dv

. ” A-dS =4j_ll j_ll (uv,u’ V) -(u+v,v—u,—2)dudv =4J._11 J._ll W v+u’ +u’v—u’ —2v*)dudy =

3 4 1
P I YL LA, WV P 4J‘ 2v &—4\) dv=4 i—ﬂ __32
2 3 4 . 3 6 3], 3



PROBLEM 6

Calculate the flux of the vector field: A = xyé, + yzé, +(xz +1)é,
through the surface S: z=4-x* 37
x? +y2 <4
n -éz <0 onS

SOLUTION
or or

The flux is the integral: j [4-a5 =] [ 4F(@w,v)- (—xa—jdudv
1%

Parameterization of S :

x=pcosf
— : .o _ ; _ A2 The normal is defined so that its z-
y=psn@p = 5: 7(p.0)= ('OCOS 0.psin0,4=p ) componenet is negative.
z=4— p2 Instead, with this parameterization we
get a positive the z-component
- we need to change sign to the final
result
d‘f{p,@) (cos@,sin6,-2p) pu P
. pg :>( ;(p)x rﬁg )j:(2p200s9,2p2sin9,p)
M:(—psinﬁ,pcosﬁ,O) P
do
N _ 27 2
J.A ds :I I(pz sin&cosﬁ,(4—,02),osin<9,(4—,02),00050+1)-(2p2 cos0,2p’ sinﬁ,p)dpdé? =
s 00
_ 272 2 3 6 Sil’l 29 2 2r _
_II(2p sin @ cos’ «9+2(4 P )p sin 6’+(4 P )p cos0+p)dpd6' J —p )p B +p[0], |dp=
00 \ / 0
| odd functions= the integral in 0 over 21 is zero |
2 4 677
= [(27(4-p*) p* +270)dp =27 | 42— L~ vz p?] = 27[(16—2J sar=2, Iz.dgz_ﬁﬁ
7 4 6 | 3 3 - 3 8
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