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VOLUMETRIC DENSITY
mass M
Probably, you are familiar with the mass density: volume V

= The volumetric mass density of a substance is
its mass per unit volume.

= |f the substance is uniform, the volumetric mass
density is defined as: | p=M/V
where M is the mass and V the volume

= Example: the mass density of the water is
p=1000kg/m3.

= |f the material is not uniform, the mass density is not constant.

In this case, it is defined as: o(x.y.2)=dM / dV

= |f you know the volumetric mass density of a body, you can calculate its
mass with a volume integral:
M = IV odV

In analogy with the mass, it is possible to define the density
of other quantities, for example, the electric charge.



ELECTRIC CHARGE DENSITY

The volumetric charge density it is the electric charge per unit volume:

total electric charge Q
volume V

_d—Q dQ = pydV

pr="0 0= [do Q=fV pydv

dV is an infinitesimal volume element in the volume V

The surface charge density is the electric charge per unit area:

total electric charge Q

area S _d_Q dQ = p,dV
'OS_dS 0=|do Q=J- psdS
S

dS is an infinitesimal surface element on the surface S

The linear charge density is the electric charge per unit length:

total electric charge Q

curve L B dQ dQ = p,dV

dl is an infinitesimal line element along the curve L




LINEAR ELECTRIC CHARGE DENSITY: EXAMPLE

A

Consider a circular arc with radius R, centered in the origin y
and from ¢=-1/2 to ¢=+n/2

EXAMPLE 1:
The arc is electrically charged. The line charge density in
the arc is not uniform:
Pr = P, COSP

where p, is constant.
Calculate the total electric charge in the arc.

dq = p,dl
dl = Rdo

} = dg = p,cospRd ¢

/2

O=[dq= | p,cospRdp=p,R[sinp] " =2p,R

—-7/2



SURFACE ELECTRIC CHARGE DENSITY: EXAMPLE

Consider a half spherical shell with radius R and centered in
the origin and with base parallel to the x-z plane

EXAMPLE 2:
The shell is electrically charged. The surface charge
density in the shell is not uniform:

Ps = Py sSin @

where p, is constant.
Calculate the total electric charge in the shell.

dq = pgdS

S ngodé?} = dq = p, sin r’ sin Od pd 0

The radius is R (and it is constant) = dq = p,R” sin @ sin Odpd O

A

A

0= J.dq = ”pOR2 sin pd psin 0d0 = p,R* [-cosp| [-cosO] =4p,R’
00




VOLUMETRIC ELECTRIC CHARGE DENSITY: EXAMPLE

Consider a cylinder with radius R, height L, with
axis along the z-axis and base on the x-y plane

EXAMPLE 3:
The volume charge density in the cylinder is
uniform: py=p,
where p, is constant.
Calculate the total charge in the cylinder.

dq = pydV
dV = pded pdz

0=[da=[ p, pdpdpdc= |
0 0

2z

[ prpdpdpdz = np,RL
0

o'—.%

EXAMPLE 4:
The volume charge density in the cylinder is not
uniform: py=p,(1-p/R)
where p, is constant.
Calculate the total charge in the cylinder.

dq = p,dV

P
— dg = p | 1-2 | pdepd pd
depd(odpdz} 1 p"( R)p¢pz

LR2rx R

0= jdq = ” I Lo (1—%)pd¢dpdz = 2ﬂLpOI(1—%jpdp =2r7Lp,
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ELECTRIC FIELD GENERATED BY SEVERAL POINT CHARGES

The electric field in P generated by one point charge ¢ is:

The electric field generated by two point charges ¢, and g, is:

ELECTRIC FIELD GENERATED BY A CHARGE DIST

Let’'s consider an electrically charge object with a specific charge
distribution. We want the total electric field in a point P.
The electric field produced in the point P by an infinitesimal charge is:

dqg' 7-r'

dE = :
Are, |7_7'|
where 7' is the position vector of dg”and 7 is the position vector of P.
Then the total electric field is the integral of dFE :

J. 7”—7"
472'6'0 |r—

Z“

P




ELECTRIC FIELD GENERATED BY A CHARGE DISTRIBUTION

If the charge is spread in a volume:

If the charge is spread on a surface:

If the charge is spread on a curve:

r
r

r—r'

_I 47rg |7_7'

dV'

I"—I"

dS'

_I 47&9O |7_7'

B Y% (r_r

) g

Ldre, |

T _V

r—r

is the position vector of the P (where we want to calculate the field)

dq = p,dV
dq = p.dS
dq = p,dl

' is the position vector of the infinitesimal charge

=

dl’

\ 4




EXAMPLE: the electric field generated by a straight wire

A straight wire ”L” with charge density p, (constant) has length 2L, is located along the z-
axis and centered at z=o.

Calculate the electric field on the plane z=0 produced by the wire L. ?Z

E(F) = j p, dl'

E(F): P L pép_Z'ézd Y J‘ Pe, dz'— 1Y% J‘ Z'éz

Z =
3 . 3 3
,02 g 47[80 /pz g 472'80 /pz g

>

L, Ly
__P pe z' _Lé _; __P 2L, P
47e, /p pNp 2" | 47750i Vo +z" |, Are, p\p* +1," "

¢, does not depend on z, so you can move it out from the integration. é_ is constant, so you can always

But, in general, € is not constant so you need to integrate it. move it out from the integration.



EXAMPLE: the electric field generated by half sphere

A half sphere with radius R is centered in the origin and has the base on the x-y plane. The

ity in the sphere is:
volume charge density in the sphere is p;/(r)=po(1—1j

y

»

v

z
R
Calculate the electric field in the point P located in the origin
— pV (7_7')611/'
V47Z-€0 |7_7!|3 X
7:(0,0,0):6 r—r'=-r'e, P
— !
7':rvér |7_7v|:rv
dV'=r"sin@'dep'd0'dr
0 e 0 Rr/22r
E=—21"||1-— Lyr?sin@'de'd0' dr' = —— - e.sin@'dp'dd'dr'
4re, '[V( Rj r" 4 ﬂgo'(['([ 0( j v
Rx/22x l’"
=_4’0° IIJ I_E (sin@'cosgo'éx+sin9'singo'éy+cos€'éz)sin9'dgo'd6?'dr'
7€ % 0 0
p Rz/22x 7’" p Rz/22x
_ 0 _r 0 _
= 47&90'([! ‘([ 1 2 (sm Q'cosp'e )d(p do'dr'— 47[50_([_([ !(1 Rj(sm Q'sing'e )d(p do'dr'
,0 Rrz/22x 7"'
e 1——|(sin@'cosB'e. )dp'dl'dr'=
e B (S A
00 0 O
0 i o, r D cos?9' " r2 ] o, - 1R
=——L0 276 [ (sin@'cos0")do | 1-— |dr'=—L2¢ | - ple—| =t =
4re, s ) R 2¢, 2, 2R |, 26y " 22
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EXAMPLE: electrostatic potential generated by
a straight wire (using cartesian coordinates)

The electrostatic potential ¢ in the point P (x,y,z,)

produced by an electrically charged wire ”C” with constant

charge density A is:

A |d7] P

T !

75, [F— 7

) =[5
where:
7 is the position vector of the point
dr ' is an infinitesimal vector on the curve C

'

r' is the vector from the origin to 47"

el

Exercise: calculate the potential produced by a straight wire of lenght 2L

Step 1. Calculate the term

7'=(0,0,Z')=Z'éz
d?':(0,0,dZ') =dz'e, = ‘d?'

2

= 12+ 32 +(z,—2")

F=(xpype2p) = F=TF'=(xp,yp.2,—2") = [F-F'
|d7' B dz'

7] = = where p, is the distance of P from the curve C
pp+(zp—2")

Step 2. Calculate the integral ¢(7;,) =

A I+L dz'
dre, oL \/pf,+(zp—z')2

+dr'
a

11



EXAMPLE: the force on a wire in a magnetic field

The force on a wire L carrying current /, in a magnetic field B is: lef(dl_xE)
L

Calculate the force on a circular coil L (with radius R and center in the origin). L lies on xy-
plane (z=0) and has only one turn around the z-axis. The magnetic field B is defined in
cylindrical coordinates by the expression: B =B,p(cospé, +singé,)

Use the following steps:

(a) express d! in a cylindrical coordinate system

(b) calculate dI x B in a cylindrical coordinate system

(c) Integrate and calculate F (here you can use a cartesian coordinate system)

i = pdge,
dl x B = pdee, x By p(cospe_ +singe,) = B,p’ cospdge,
— 2 2 n 2 2 n
F:IIO Byp~ cospdoe, = IB,R _[0 cosge,dp =
= IB,R’ Jjﬂ cos p(cos e, +sin e, )dyp =

2 2r 2 A 2 2r . A 2 A 2r 2
IB,R IO cos” pe dp+IB,R J:) cospsinge dp =IB,R"e, IO cos” pdp =

. 2z
~ 2 ~N
=IBOR2ex[£+ = ﬂ = IB,R’é,
2 4 ;
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