LEKTION, VECKA 6
Sketch of the solutions

DISCLAMER:

= These are only a sketch of the solutions. For the details, you are
supposed to attend “lektion” and ask directly to the teachers.

= | have written this file very quickly, copying from my notes.

* There might be mistakes (if you find an error, let me know).

= The language is poor: it is a mix of poor Swedish and english.

PROBLEM 1
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vi kan anvinda vi kan anvinda
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PROBLEM 2
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Gauss sats sa vi kan berdkna

flodet direkt
Nu, vi kan notera att (se uttryck (11.62))
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och pa S, vi har dS = r?sinfdfdeé, (med r = ¢), se uttryck (11.59). S4,
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PROBLEM 3
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vi kan anvinder vi kan anvdnder
Stokes stats stats (17.28)
” dS 27w = H—e -dS = 27w
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Notera att orientering av L i punkten x=a, y=0, z=0 ar —é,. S& kurvan genomlops i negativa é,-

riktningen och darfor, N=-11 (17.28).
Kurvan &r en cirkel, med centrum i origo, s& dS = —pdpdgé,. S4, integralen blir
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PROBLEM 4
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S4, integralen blir
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vi kan anvénder Stokes sats T s
Notera att I punkten x=0, y=1, z=0 har L tangentvektor é,. S& kurvan genomlops i negativa é,-

riktningen och darfor N=-11 (17.28).
Nu, vi kan berdkna rotatione med uttryck (11.45)
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S&, darfor dS = dSé,, vi har blir
”Vx(péw +p2ép)~d§:”2éz -(~dSe.) =—2HdS=—27zab
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s s
dir vi har anvént att area av ellipses ar wab.
S4, integralen blir

mL A-dr ==2mab-2x =-2x(1+ab)

PROBLEM 5
Vi méste 16sa Poisson ekvationen, se (18.3),
vy =P

)
Dessotum, vi kan beridkna det elektriska filtet fran potentialen med hjilp av
E=-VV.
Due to to the symmetry of the problem and to fact that the charge density is constant (i.e. does not
depend on z and @), the solution will depend only on p. Therefore, the derivatives in z and ¢ of the
Laplacian are zero.
So, if we express the Laplacian in a cylindrical coordinate system, expression (15.4), we obtain
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And for the electric field, using (11.43) for the gradient in cylindrical coordinate, we have
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So, we have to solve the equation
1 0 oV
pop\" op &

We start to solve the equation inside the cylinder.
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But now can note that we already have the expression for the electric field,
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On the cylinder axis, the field must be zero. Se we have c=0.
Now we can continue to solve the Poisson equation. Integrating in p we obtain,

5 €y )
Therefore, inside the cylinder the potential and the field are



Outside the cylinder, the charge density is zero, so we are left with the Laplace equation in cylindrical
symmetry. We already know from Section 18.2, expression (18.10) that in this case the solution is

Vi(p)=clnp+d

The electric field is
— ov . c .
Eout = __ep = __ep
op p

Now we need to find the integration constant a, ¢ and d. We have three condition to use.
(1) Continuity of the electric field at p =R

Ein (R) = Eaut (R)

(2) The value of the electrostatic potential at o =R
Vou(R)=V,

(3) Continuity of the potential at p =R
V;n (R) = I/:)ut (R)

These three conditions lead to a system of three equations in the three unknown q, ¢ and d,
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If we solve this system, we obtain
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Finally, inserting these three expressions in to the expressions of the electric field and potential, we

obtain
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PROBLEM 6

2
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And for the electric field, using (11.61) for the gradient in spherical coordinate, we have
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So, we have to solve the equation
Lof.r\_ pfr)
r* or or & \ R

We start to solve the equation inside the cylinder.
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¥’ dr dr & \R dr dr & R*
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But now can note that we already have the expression for the electric field,
- oV . 1 " ).
E=-—¢ = &——a——z €
or & a+3 R* r

In the center of the sphere, the field must be zero. Se we have c=0.
Now we can continue to solve the Poisson equation. Integrating in r we obtain,
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Therefore, inside the sphere the potential and the field are
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Outside the sphere, the charge density is zero, so we are left with the Laplace equation in spherical
symmetry. We already know from Section 18.2, expression (18.12) that in this case the solution is

V (r) = —%+b

Note that we have the problem specify that we can assume lim V(r) = 0. This implies b=0.
17—00

Now we can calculate the electric field with
= ov . a .

out = __8r €. = _r_zer
We are left with the determination of the constant ¢ and d.

We have two conditions to use.
(1) Continuity of the electric field at »=R



E,(R)=E,,(R)
(2) Continuity of the potential at » =R
V(R)=V,,(R)

These two conditions lead to a system of two equations for determining the two remaining constants.
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If we solve this system, we obtain
g P R PN
g a+3 & a+2

Finally, inserting these three expressions in to the expressions of the electric field and potential, we

obtain
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Note that,
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So, we can also write
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which are the same expressions of the potential and field produced by a point charge.



