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Topics for Today

@ Lines in R”
@ Planes in R3

© Distance between point and line
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Recall that a line in R? can be given by the set of solution to the formula
L:Ax+By+C=0

for some values of A, B, C.
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Recall that a line in R? can be given by the set of solution to the formula
7 K)’ = —Ax —c
- =& <
"B g
for some values of A, B, C.As long as B # 0, we can rearrange this into
the familiar form

L:Ax+By+C=0

L:y=mx+b
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Recall that a line in R? can be given by the set of solution to the formula
L:Ax+By+C=0
for some values of A, B, C.As long as B # 0, we can rearrange this into

the familiar form
L:y=mx+b

Now, if we were to write the points on the line as vectors then we would

-
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Recall that a line in R? can be given by the set of solution to the formula
L:Ax+By+C=0

for some values of A, B, C.As long as B # 0, we can rearrange this into
the familiar form
L:y=mx+b

Now, if we were to write the points on the line as vectors then we would
get gCC((W/\

X X 11v 0 \ ‘
H N [mx+ b] N M xr [b] o= linear combin,
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Recall that a line in R? can be given by the set of solution to the formula
L:Ax+By+C=0

for some values of A, B, C.As long as B # 0, we can rearrange this into
the familiar form
L:y=mx+b

Now, if we were to write the points on the line as vectors then we would
get

x| X |1 0

o= Loe] =[]+ 3

That is, we can write every point as a linear combination of the two

vectors and .
m b

Patrick Meisner (KTH) Lecture 2 3/29



Parametric Lines in R?

The vectors [;] and [2] were not special. We could have started with

any two vectors.
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Parametric Lines in R?

The vectors [;] and [2] were not special. We could have started with

any two vectors. Say, we start with two vectors

- Vi
v =
V2
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Parametric Lines in R?

The vectors [;] and [2] were not special. We could have started with

any two vectors. Say, we start with two vectors

. %1 - X0
V= X =
[VJ [}/o]
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Parametric Lines in R?

The vectors [;] and [2] were not special. We could have started with

any two vectors. Say, we start with two vectors

- Vi - X0
vV = XO =
V2 Yo
then | can write the equation of a line in parametric form by:

X . -
[ ] =Vt+ Xp
y
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Parametric Lines in R?

The vectors [;] and [2] were not special. We could have started with

any two vectors. Say, we start with two vectors

. %1 - X0
V= X =
[VJ [}/o]

then | can write the equation of a line in parametric form by:

o =eeem= o] e )
=VvVt+ X9 = t+
y V2 Yo
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Parametric Lines in R?

The vectors [;] and [2] were not special. We could have started with

any two vectors. Say, we start with two vectors

. %1 - X0
V= X =
[VJ [}/o]

then | can write the equation of a line in parametric form by:

[X] =Vt+ X = [Vl} t+ {XO] — [VltJrXO] teR
y V2 Yo ot + o

Patrick Meisner (KTH) Lecture 2 4/29



Parametric Lines in R?

The vectors [;] and [2] were not special. We could have started with

. =
any two vectors. Say, we start with two vectors v,

f% A
R % . X
—= ] =[] @
V2 Yo
then | can write the equation of a line in parametric form by:
[X] =Vt+ %= [Vl} t+ [XO] = [Vltﬂo] teR
y V2 Yo vt + yo

Vv is called a direction vector, t is the parameter and Xj is any point on
the line.
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Parallel and Perpendicular Lines in R?

Definition

Two lines in R? are parallel if and only if their direction vectors are parallel.

Definition

Two lines in R? are orthogonal if and only if their direction vectors are
orthogonal.
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Parametric Lines in R”"

Of course, there is nothing stopping us from taking vectors not in R?.
Indeed, for any vectors Vv, xp € R”, we can write the equation of a line in
R" in parametric form by:

X=Vt4+ % e— o goinkin P

/\L A Veu| vow
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Parametric Lines in R”"

Of course, there is nothing stopping us from taking vectors not in R?.
Indeed, for any vectors Vv, xp € R”, we can write the equation of a line in
R" in parametric form by:

X=Vt+X
Again, V is a direction vector, t is the parameter and x; is any point on
the line.
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Parametric Lines in R”"

Of course, there is nothing stopping us from taking vectors not in R?.
Indeed, for any vectors Vv, xp € R”, we can write the equation of a line in
R" in parametric form by:

X=Vt+X
Again, V is a direction vector, t is the parameter and x; is any point on
the line.

Example:
X 1 2 t+2
yl=12]t+ (0] = 2t
z -1 5 —t+5
g T
v i
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Non-unique Direction Vector

Note that, by it's name, the direction vector v only depends on the it's

direction. So we may shrink or stretch it as we please and still get the
same line.
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Non-unique Direction Vector

Note that, by it's name, the direction vector v only depends on the it's
direction. So we may shrink or stretch it as we please and still get the

same line. Indeed the lines ( a
X 1 2 t= 2 [?][2]01 Fﬁ]c fg
yl=12]t+]o0 NI S 2
z] [ —1] 5

and v y
- _ ! &
u] [2 2] 4= {3}[7}1 13/-] 4
vi=1|4|t+|0 w - S 2
w -2 5

contain the same p-oints as for any value of t, we can just set t' = t/2.

\5\2(\[‘ q e qu‘a“c( o MO(V’L H& £ <nme Cﬂfmﬂ%.
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Exercise

Find the parametric equation for the line going through the points
1 3 palic i

% | -2 and x| 0 42
3 5 ~

: ﬂ{% Jer ‘;] [gﬂ
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Calculating Direction Vector

In fact, any line passing through the points X and x> will have a direction
vector
V=X —X
)
L‘. T\': \f e{}_*_ ?f
>
%=\ L& XL
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Normal Vector in R?

Definition

For any line L with a direction vector V, we say a vector i is normal to L
if 7 is orthogonal to V.

Since a direction vector can always be given by vV = X5 — X; where X1, %
are two point on the line, then we see that

NN = ﬁ(il—)?z)zo

[EN

In fact, this is an equivalent way?io deffne the equation of the line.
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Point-Normal Formula in R?

Given a point on a line in R?, X, and a normal vector 7, then the equation

of the line can be given 5

i (X—%) =0
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Point-Normal Formula in R?

Given a point on a line in R?, X, and a normal vector 7, then the equation
of the line can be given

or
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Point-Normal Formula in R?

Given a point on a line in_R?, X, and a normal vector 7, then the equation
—_——
of the line can be given

or

FX—A-%=0 o  A-X=i%
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Point-Normal Formula in R?

Given a point on a line in R?, X, and a normal vector 7, then the equation
of the line can be given

or

nm-X—n-xp=0 or n-x=n-

M

v

If we write 7= (n1,np) and X = (x, y) then we see that 7- X = n1x + my.
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Point-Normal Formula in R?

Definition

Given a point on a line in R?, X, and a normal vector 7, then the equation
of the line can be given

or

FX—A-%=0 o  A-X=i%

o
If we write 7= (n1,np) and X = (x, y) then we see that 7- X = n1x + my.

Hence, if we are given the equation of a line in_the fo
n , 1T WA I glvn quation Ine In rm M(}/\be\/\

J

Patrick Meisner (KTH) Lecture 2 11/29



Point-Normal Formula in R?

Definition
Given a point on a line in R?, X, and a normal vector 7, then the equation
. . ———
of the line can be given ?C)(\/\{\
- (X=x) =0 N |
or Lo r moly
m-xX—n-x=0 or n-X=n-xp

v

If we write 7= (n1,np) and X = (x, y) then we see that 7- X = n1x + my.
Hence, if we are given the equation of a line in the form

Ax+By+C=0 = Wik wiha) Wl
then we can read off a normal for the line as:

-l
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Parallel and Perpendicular Lines in R? 2
Two lines in R? are parallel if and only if their normals are parallel. \

A W

Two lines in R? are orthogonal if and only if their normals are orthogonal. \

‘ X
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Point-Normal Formula in R3

What happens if we try this construction in R3?
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Point-Normal Formula in R3

What happens if we try this construction in R3? Given an 7= (A, B, C),
and an xp = (X0, Y0, 20), What are the solutions to

nm-X—n-xp=07
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Point-Normal Formula in R3

What happens if we try this construction in R3? Given an 7= (A, B, C),
and an xp = (X0, Y0, 20), What are the solutions to

m-x—n-xp=07?
Expanding out, we find

O0=n-X—n-X%
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Point-Normal Formula in R3

What happens if we try this construction in R3? Given an 7= (A, B, C),
and an xp = (X0, Y0, 20), What are the solutions to

nm-X—n-xp=07

Expanding out, we find

O=n-x—n-x%=(AB,C) (x,y,2z) — (A, B, C) - (x0, 0, 20)
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Point-Normal Formula in R3

What happens if we try this construction in R3? Given an 7= (A, B, C),
and an xp = (X0, Y0, 20), What are the solutions to

nm-X—n-xp=07

Expanding out, we find

Ozﬁ;_ﬁZO:(A@)_(A)BWOaZO)

o /
= Ax + By + Cz + (—Axo — Byp — C=z)
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Point-Normal Formula in R3

What happens if we try this construction in R3? Given an 7= (A, B, C),
and an xp = (X0, Y0, 20), What are the solutions to

n-x—n-xp=07?
Expanding out, we find

- o

—n-xp=(AB,C)-(x,y,z) — (A, B, C) - (x0, Y0, 20)

= Ax+ By + Cz + (—Axo — Byo — C=z)

That is, the point normal formula gives us an equation of the form

O0=n-

x|

@}2 Ax+By+Cz+ D=0

R Axy cc o
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Point-Normal Formula in R3

What happens if we try this construction in R3? Given an 7= (A, B, C),
and an xp = (X0, Y0, 20), What are the solutions to

n-x—n-xp=07?
Expanding out, we find

—»—»

O=n-X—n- (A B C) (X,y,Z)_(A,B,C)‘(Xo,yo,Z())

x|

= Ax + By + Cz + (—Axo — Byp — C=z)
That is, the point normal formula gives us an equation of the form
Ax+By+Cz+ D=0
What is the geometry of these solutions? Do they form a line?
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The solutions to the equation Y€ Z = 2o =7 Auxtlly = Can D= o
= Axrn =
Ax+ By +Cz+D =0 By Fe =0
- cl= C& 0y
form a plane in R3. Moreover, the normal = (A, B, C) is orthogonal to
every vector in the plane.

R ARHLy re=o

(/"'I'l \ ’
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Parallel and Orthogonal Planes in R3

Definition
Two planes in R3 are parallel if and only if their normals are parallel.

Two planes in R? are orthogonal if and only if their normals are
orthogonal.
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Point-Normal Formula in R”

In general, given an 7= (A1, Az,...,A,) and an X = (a1, a2, ..., an) the
point-normal formula gives

0:ﬁ')?—ﬁ-)?o:A1X1—|-A2X2—|—...A,,Xn+An+1
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Point-Normal Formula in R”

In general, given an 7= (A1, Az,...,A,) and an X = (a1, a2, ..., an) the
point-normal formula gives

0:ﬁ')?—ﬁ-)?o:A1X1—|-A2X2—|—...Anxn+An+1

The set of solutions of this equation form what is called an
(n — 1)-dimensional hyperplane.

(L\ —7 P’k‘ L \?/ pl{ - 92:14@{’]/1(\45’ &—JMA— ,
(i’/v \e e (ks e
\\27 _9 p(cN\L ' Kf

Patrick Meisner (KTH) Lecture 2 16 /29



Point-Normal Formula in R”

In general, given an 7= (A1, Az,...,A,) and an X = (a1, a2, ..., an) the
point-normal formula gives

0:ﬁ')?—ﬁ-)?o:A1X1—|-A2X2—|—...Anxn+An+1

The set of solutions of this equation form what is called an
(n — 1)-dimensional hyperplane.

That is, in R”, the solution set “looks like” R" 1.
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Parametric Equation of Plane in R3

Recall, every point in R?2 can be written as a linear combination of the

standard unit vectors & = [(1)] and & = [(1)]

Now, since a plane in R3 “looks like” R? we can write it as a linear

combination of two non-parallel vectors.

P% - Q/{T\‘vﬁ%/’
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Definition of Parametric Equation of Plane in R3

Given any two non-parallel vectors u, vV € R3 and a point X € R3, the
parametric equation of a plane is

X=U-s+V-t+x,s5teR
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Definition of Parametric Equation of Plane in R3

Definition

Given any two non-parallel vectors i, vV € R3 and a point xp € R3, the
parametric equation of a plane is

X=0U-s+Vv-t+xp,s,teER

7 and V are called direction vectors, s, t are called the parameters and
Xp is a point on the plane.
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Definition of Parametric Equation of Plane in R3

Given any two non-parallel vectors i, v € R3 and a point X € R3, the
parametric equation of a plane is

X=0U-s+Vv-t+xp,s,teER

7 and V are called direction vectors, s, t are called the parameters and
Xp is a point on the plane.

Questions: U= T
@ Uniques of &, vV, Xp? _/U/L = N
Us s 34> cleri s

o Why must &7,V be non-parallel?
Tl
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Example of Parametric Equation of Plane in R3

Given
2 3 0
i= | 4 V= |-5 X0 = |2
-2 0 3

the plane with direction vectors if, v and going through the point X is
given by
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Example of Parametric Equation of Plane in R3

Given
2 3 0
i= | 4 V= |-5 X0 = |2
-2 0 3

the plane with direction vectors if, v and going through the point X is
given by

=U-s+V-t+Xx

N < X
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Example of Parametric Equation of Plane in R3

Given
2 3 0
i= | 4 V= |-5 X0 = |2
-2 0 3

the plane with direction vectors if, v and going through the point X is
given by

X 2 3 0
y|=d-s+vV-t+x=|4|s+ |-5|t+ |2
z -2 0 3
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Example of Parametric Equation of Plane in R3

Given
2 3 0
i= | 4 V= |-5 X0 = |2
-2 0 3

the plane with direction vectors if, v and going through the point X is
given by

X 2 3 0
y|=0-s+VvV-t+xp=| 4fs+ |5l t+ |2
z -2 0 3

25+3t

= |45 —5t+2

—2543
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Exercise

FACT: Any three point in R3 that don't all lie on the same line describe a
unique plane
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Exercise

FACT: Any three point in R3 that don't all lie on the same line describe a
unique plane

Find the parametric equation of the plane going through the three points
(3,8,0), (8,4,5) and (5,0,9)

R & a:i( ()@/(J
(
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From Point-Normal Form to Parametric Equation

Given a plane given by the point-normal equation Ax + By + Cz+ D = 0.
How does one find it's parametric equation?
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From Point-Normal Form to Parametric Equation

Given a plane given by the point-normal equation Ax + By + Cz+ D = 0.
How does one find it's parametric equation?

© Find three points X1, X, X3 that satisfy your point-normal equation.
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From Point-Normal Form to Parametric Equation

Given a plane given by the point-normal equation Ax + By + Cz+ D = 0.
How does one find it's parametric equation?

© Find three points X1, X, X3 that satisfy your point-normal equation.

@ Compute the vectors =3 — X1, V=X3 — X1.
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From Point-Normal Form to Parametric Equation

Given a plane given by the point-normal equation Ax + By + Cz+ D = 0.
How does one find it's parametric equation?

© Find three points X1, X, X3 that satisfy your point-normal equation.

@ Compute the vectors =3 — X1, V=X3 — X1.

O If & and V are parallel, go back to step 1.
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From Point-Normal Form to Parametric Equation

Given a plane given by the point-normal equation Ax + By + Cz+ D = 0.
How does one find it's parametric equation?

© Find three points X1, X, X3 that satisfy your point-normal equation.
@ Compute the vectors =3 — X1, V=X3 — X1.
O If & and V are parallel, go back to step 1.

Q If i’ and V are not parallel, then a parametric equation for your plane
will be:
X=0U-s+V-t+x
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From Parametric to Point-Normal Form

Given a plane with parametric equation
X=0-s+V-t+x, s teR

How do you find the point-normal equation?
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From Parametric to Point-Normal Form

Given a plane with parametric equation
X=0-s+V-t+x, s teR

How do you find the point-normal equation?

First step: find a normal to the plane. That is, find a vector that is
orthogonal to every vector on the plane.
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From Parametric to Point-Normal Form

Given a plane with parametric equation
X=0-s+V-t+x, s teR
How do you find the point-normal equation?

First step: find a normal to the plane. That is, find a vector that is
orthogonal to every vector on the plane.

Every vector on the plane will be of the form
F-s+v-t, s,telR

So it is enough to find a vector that is orthogonal to both & and V.
(Exercise: show both of these statements)
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Cross Product

Given two vectors 7 = (u1, up,u3) and V = (vi, va, v3). Define the cross
product of & and V a
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Given two vectors
product of & and

Cross Product
0= (u1, up,u3) and V = (vi, va, v3). Define the cross
Va

=
X
<i

23/29
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Given two vectors
v

Cross Product
= (u1, up, u3) and V = (vi, v, v3). Define the cross

product of & and V as
uzv3 — u3va
X V= —(U1V3 — U3V1)
uiVvo — vy
v
Lecture 2 23/29
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Cross Product

= (u1, up, u3) and V = (vi, v, v3). Define the cross

Given two vectors o
v

product of & and V as
upv3z — u3vp
X V= —(U1V3 — U3V1)
upve — u2vy

V, U X V is orthogonal to both & and v.

For any two vectors d and

23/29
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Cross Product

Given two vectors 7 = (u1, up,u3) and V = (vi, va, v3). Define the cross
product of & and V a

uav3z — u3v2
X V= —(U1V3 — U3V1)
upve — vy
v
For any two vectors ' and V, i X V is orthogonal to both & and V.
CAUTION!!N
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Cross Product

Given two vectors 7 = (u1, up,u3) and V = (vi, va, v3). Define the cross
product of & and V a

uav3z — uzVvp
X V= —(U1V3 — U3V1)
upve — u2vy

For any two vectors ' and V, i X V is orthogonal to both & and V.

The cross product ONLY works in R3. This method CANNOT be
extended to R” for any n except n = 7. But even then, the geometry
behaves differently.
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From Parametric to Point-Normal Form 2

Given a plane in R3? of the form
X=0-s+V-t+Xp
Calculate a normal of the plane
n=0xV

Then the point-normal equation of your plane will be
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Exercise

Find the point-normal equation of the plane going through the three point
(3,8,0), (8,4,5) and (5,0,9)

() &

- S _ ! VA= - O |- —u v
N (RN ¢
S /)% )

Chok W a0 ok porefy] 1/

V, — Uy _ :
M- Ur o V= (- S A
N - ) Sq-sgy [ 2] E| B
Yy — U, v < ~ eiy ~1y o -
NX -

% - kx \;57 ~Lyp - Q'& - Sg l&vO) = O
(a-28y B2 =249 =p
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Shortest Distance Between a Point and a Line in R?

Given a point (xp, yo) and a line that goes through the origin L : X = Vt,
what is the shortest distance between the point and the line?
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Orthogonal Projection

Definition (Informal)
The orthogonal projection of a vector i onto a vector V is the “shadow

of 7 on V.

Definition (Formal)
The orthogonal projection of a vector i onto a vector V is
G‘G (S o VlOMbe/)
o = u-v _ 1N : .
projy U = I v Il > oly nanlen]

—=Exercise: Show that these definitions are same. Hint: proj;& must be
27 /29

parallel to v but & — proj;i must be orthogonal to v

Lecture 2
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Shortest Distance Between a Point and a Line in R? 2

The shortest distance between a point i = (uy, up) and the line passing
through the origin L : X = vt will be

VIl — | projil 2

(“ -

161"~ Ipwsal v 4t

Qt“v lul : ‘KP‘"’SU{?[/Z
XQKJEWZ%P@OU{L

o0 !\Q}\/\«

N\ B
J
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Shortest Distance Between a Point and a Line in R? 3

Theorem

The shortest distance between a point i = (uy, up) and the line
L: X = vVt+ Xy will be the same as the shortest distance between the
o o —— o o
point w =t — Xp = (u1 — xo, U2 — yo) and the line passing through the
origin L' : X = Vt:

VI~ [|projs w2

U QL 7
Solobrzet
%
%
Ty P L

v w L
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