Elements of Graph Theory

In this chapter we present the basic concepts related to graphs and trees such
as the degree of a vertex, connectedness, Euler and Hamiltonian circuits,
isomorphisms of graphs, rooted and spanning trees.

34 Graphs, Paths, and Circuits

An undirected graph G cousists of a set Vi of vertices and a set E¢ of
edges such that each edge e € Eg is associated with an unordered pair of
vertices, called its endpoints.

A directed graph or digraph G consists of a set V; of vertices and a set
E¢ of edges such that each edge e € Eg is associated with an ordered pair
of vertices.

We denote a graph by G = (Vg, Eg).

Two vertices are said to be adjacent if there is an edge connecting the two
vertices. Two edges associated to the same vertices are called parallel. An
edge incident to a single vertex is called a loop. A vertex that is not incident
on any edge is called an isolated vertex. A graph with neither loops nor
parallel edges is called a simple graph.

Example 34.1
Consider the following graph G
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a. Find EG and VG.

b. List the isolated vertices.

c¢. List the loops.

d. List the parallel edges.

e. List the vertices adjacent to vs..
f. Find all edges incident on vy.

Solution.
a. Eg = {e1, e, €3, €4,€5,65} and Vg = {1, v2,v3, V4, Vs, V6, U7}
b. There is only one isolated vertex, vs.
c. There is only one loop, es.
: {62,83}.
. {vg, v4}.
{81, i 65}. [ |

Example 34.2
Which one of the following graphs is simple.

d b.

™o O,

Solution.
a. G is not simple since it has a loop and parallel edges.

b. G is simple. B
A complete graph on n vertices, denoted by K, is the simple graph that
contains exactly one edge between each pair of distinct vertices.

Example 34.3
Draw K, K3, Ky, and K.
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Solution.
K. K,
3
A
K K
|

A graph in which the vertices can be partitioned into two disjoint sets V)
and Vj, with every edge incident on one vertex in 1} and one vertex of V5 is
called bipartite graph.

|| Example 34.4

a. Show that the graph G is bipartite.

b. Show that K is not bipartite.

Solution.

a. Clear from the definition and the graph.

b. Any two sets of vertices of K3 will have one set with at least two vertices.
“ Thus, according to the definition of bipartite graph, K3 is not bipartite. m

A complete bipartite graph K, ., is the graph that has its vertex set
partitioned into two disjoint subsets of m and n vertices, respectively. More-
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over, there is an edge between two vertices if and only if one vertex is in the
first set and the other vertex is in the second set.

[ Example 34.5
Draw sz;;, K‘;“g

Solution.
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The degree of a vertex v in an undirected graph, in symbol deg(v), is the
number of edges incident on it. By definition, a loop at a vertex contributes
twice to the degree of that vertex. The total degree of G is the sum of the
degrees of all the vertices of G.

Example 34.6
What are the degrees of the vertices in the following graph
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Solution.
deg(vi) = 0,deg(vs) = 2,deg(vz) = 4. B

.'j"fk% utaw g
0
+sewddira )
il

i : il e
HV'“WJ&QEEQE

)



34 GRAPHS, PATHS, AND CIRCUITS 205

Theorem 34.1
For any graph G = (Vg, E¢) we have

2Egl= ) deg(v).

veV(G)

Proof.

Suppose that Vg = {v1,va, -+ ,v,} and |Eg| = m. Let e € Eg. If e is a loop
then it contributes 2 to the total degree of G. If e is not a loop then let v; and
v; denote the endpoints of e. Then e contributes 1 to deg(v;) and contributes
1 to the deg(v;). Therefore, e contributes 2 to the total degree of G. Since e
was chosen arbitrarily, this shows that each edge of G contributes 2 to the
total degree of G. Thus,

2|Ecl= Y deg(v)m
veV(G)

The following is easily deduced from the previous theorem.

Theorem 34.2
In any graph there are an even number of vertices of odd degree.

Proof.

Let G = (Vg, Eg) be a graph. By the previous theorem, the sum of all the
degrees of the vertices is T' = 2|Eg|, an even number. Let E be the sum of
the numbers deg(v), each which is even and O the sum of numbers deg(v)
each which is odd. Then T'= F + O. That is, O = T'— E. Since both T" and
E are even, O is also even. This implies that there must be an even number
of the odd degrees. Hence, there must be an even number of vertices with
odd degree. B

Example 34.7
Find a formula for the number of edges in K,,.

Solution.

Since G is complete, each vertex is adjacent to the remaining vertices. Thus,
the degree of each of the n vertices is n — 1, and we have the sum of the de-
grees of all of the vertices being n(n—1). By Theorem 34.1, n(n—1) = 2| Ecql|.
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This completes a proof of the theorem m

In an undirected graph G a sequence P of the form wvoejvies- - vn_1€ntn
with no edge repeated is called a path of length n or a path connecting vo
to v,. If P is a path such that vy = v,, then it is called a circuit or a cycle.
A path or circuit is simple if it does not contain the same vertex more than
once. A graph that does not contain any circuit is called acyclic.

Example 34.8
In the graph below, determine whether the following sequences are paths,

simple paths, circuits, or simple circuits.
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a. Uge1U1€10Us5€9l2€201 .
b. V3€5U4€8U5€10V1E3V2.
C. U1€9Ua€3V1.
d. vsegUa€e4Uze50466V4E8V5.

Solution.

a. a path (no repeated edge), not a simple path (repeated vertex v1), not a
circuit

b. a simple path

c. a simple circuit

d. a circuit, not a simple circuit (vertex vy is repeated) m

An undirected graph is called connected if there is a path between ev-
ery pair of distinct vertices of the graph. A graph that is not connected is
said to be disconnected.
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Example 34.9
Determine which graph is connected and which one is disconnected.

.
e
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Solution.
a. Connected.
b. Disconnected since there is no path connecting the vertices v; and v4. B

A simple path that contains all edges of a graph G is called an Euler path.
If this path is also a circuit, it is called an Euler circuit.

Theorem 34.3
If a graph G has an Euler circuit then every vertex of the graph has even

degree.

Proof.

Let G be a graph with an Euler circuit. Start at some vertex on the circuit
and follow the circuit from vertex to vertex, erasing each edge as you go
along it. When you go through a vertex you erase one edge going in and one
edge going out, or else you erase a loop. Either way, the erasure reduces the
degree of the vertex by 2. Eventually every edge gets erased and all the ver-
tices have degree 0. So all vertices must have had even degree to begin with. m

It follows from the above theorem that if a graph has a vertex with odd
degree then the graph can not have an Euler circuit.
The following provides a converse to the above theorem.
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Theorem 34.4 (Euler Theorem)
If all the vertices of a connected graph have even degree, then the graph has
an Euler circuit.

Example 34.10
Show that the following graph has no Euler circuit.
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Solution.
Vertices v; and v3 both have degree 3, which is odd. Hence, by the remark
following the previous theorem, this graph does not have an Euler circuit. m

A path is called a Hamiltonian path if it visits every vertex of the graph
exactly once. A circuit that visits every vertex exactly once except for the
last vertex which duplicates the first one is called a Hamiltonian circuit.

Example 34.11
Find a Hamiltonian circuit in the graph
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Example 34.12
Show that the following graph has a Hamiltonian path but no Hamiltonian

circuit.
/ Y%
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Solution.

vwzyz is a Hamiltonian path. There is no Hamiltonian circuit since no cycle
goes through v. m
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Review Problems

//)/Problem 34.1
““ The union of two graphs G, = (Vi, 1) and Gy = (V3, Ep) is the graph

G, UG, = (ViU Vs, Ey U Es). The intersection of two graphs G, = (V1, Ey)
and Gy = (I/Q, Eg) is the glﬁph GiNGy = (Vl N Vs, Ein Eg)
Find the union and the intersection of the graphs

oo - i

CJProblem 34.2
Graphs can be represented using matrices. The adjacency matrix of a graph

G with n vertices is an n x n matrix A¢ such that each entry a;; is the number
of edges connecting v; and v;. Thus, a;; = 0 if there is no edge from v; to v;.
a. Draw a graph with the adjacency matrix

0110
1001
1001
0110

b. Use an adjacency matrix to represent the graph
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Problem 34.3

A graph H = (Vy, Ey) is asubgraph of G = (Vi, Eg) if and only if Vi C Vi
and Fy C Egq.

Find all nonempty subgraphs of the graph

When (u,v) is an edge in a directed graph G then u is called the ini-
tial vertex and v is called the terminal vertex. In a directed graph,
the in-degree of a vertex v, denoted by deg™(v), is the number of edges
with v as their terminal vertex. Similarly, the out-degree of v, denoted
by deg*(v), is the number of edges with v as an initial vertex. Note that
deg(v) = deg™ (v) + deg™ (v).
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Problem 34.4
Find the in-degree and out-degree of each of the vertices in the graph G with

directed edges.
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Problem 34.5
Show that for a digraph G = (Vi, E¢) we have

|Egl= Y deg™(v)= ) deg™(v).

veV(G) VeV (G)

Another useful matrix representation of a graph is known as the incidence
matrix. It is constructed as follows. We label the rows with the vertices
and the columns with the edges. The entry for row v and column e is 1 if e
is incident on v and 0 otherwise. If e is a loop at v we assign the value 2. It
is easy to see that the sum of entries of each column is 2 and that the sum
of entries of a row gives the degree of the vertex corresponding to that row.

Problem 34.6
Find the incidence matrix corresponding to the graph
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Problem 34.7

If each vertex of an undirected graph has degree k then the graph is called a
regular graph of degree k.

How many edges are there in a graph with 10 vertices each of degree 67

Problem 34.8

Two simple graphs G and G5 are isomorphic, in symbol, Gy ~ G, if there
is one-to-one onto function, f : V(G,) — V(G2) and (u,v) € Eg, if and only
if (f(u), f(v)) € Eg,. Show that the following graphs are isomorphic.

TR
— % ;

Warning: The number of vertices, the number of edges, and the degrees of
the vertices are all invariants under isomorphism. If any of these quantities
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differ in two graphs, these graphs cannot be isomorphic. However, when these
invariants are the same, it does not necessarily mean that the two graphs are
isomorphic.

The isomorphism between two graphs G; = (Vg , Eg,) and Gz = (Va,, Eg,)
with parallel edges or loops requires two bijections f:Vg — Vg, and g :
Eg, — Eg, such that if e € Eg, is an edge with endpoints (u,v) then
gle) € Eg, is an edge with endpoints (f(u), f(v)).

Problem 34.9

Show that the following graphs are not isomorphic.
: Ui
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Problem 34.10

Show that the following graph has no Hamiltonian path.
- a




