Tutorial 4: FEM for Engineering Applications (SE1025)

Chiara Ceccato, ceccato@Kkth.se

6.14 Consider a thin quadratic sheet metal of size
[/ x 1 and thickness / of a linear elastic material (%,

V). Model the sheet metal by use of two linear tri-
angular elements (CST-element) and carry out
FEM analyses for the three different load cases
(a), (b) and (c). Introduce appropriate displace-

ment boundary conditions, where symmetry con- (a)
ditions can be utilized, and determine node

displacements and stresses in the elements. For | |
simplicity, let Poisson’s ratiobe v = 0. |

Load cases:  (a) uniaxial tension, o 0o

(b) pure shear,

(c) dead weight, where pis the density and g acceleration of gravity.

FORMULAS
Plane (2D) triangular linear element: d,]
X
d3y dly
Displace- {u(x,y)} (MO 0N 0 g a = |9
[ a
ments: v(x, y) 0N, ON, 0Ny ¢ dy,
rjl?»x
Ny = 27:[(}’3*}’3)(-’642)+(x3*-tz)(yfy2ﬂ %5
d2x 1
N2 = g;l(}‘} _}’1)(-"5_353) + (xL _-13](}"_}"3”
1
N3 = gl(}"]_}"z)(x_xl) + (xg_-rl)(y_}"]”
a
Strains: £, ON/dx 0
e, = B4, B = [B, B, B =1 o ansoy
Yey ON,/dy ON,/dx
Stresses: Oy v o 1lex
’ E
| T vl o & (Plane stress)
L=V 0 (1-v)/2 ¥
x| xy
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Solution

Theory Recall

The FEM equilibrium equation for the element is:

f B'CBdJVd, = / NTtds + / N'KdV
VE SC‘ VC

The displacement field is given by:

dla:
u(({?. y) o .;‘r\r‘r]_ 0 ﬂ"rg 0 4\13 0 dgg;
[1(1 y)} - [0 N, 0 N, 0 Ng,] day
d39:

The shape functions are:

1

Ny(z,y) = (2 = y3)(r — x2) + (13 — 22)(y — y2)]

e

8]
s

No(w,y) = o (ys —y1) (o —w3) + (01 — 23) (¥ — y3)]

Ni(x,y) = 2; (1 —wy2)(r — 1) + (w2 —21)(y — y1)]

In order to compute the Stiffness Matrix:
/ B'CBdV = K,
Ve

we need :

C: the constitutive matrix for isotropic material in plane stress condition

1 v 0

co L v 1 0
1 — 2 1—v

[0 (- J

¥

B: the derivative of the shape function matrix

N, ONy dN3 i
: 0 0 : 0
O O O
AN IN: IN.
B— 0 C)\l 0 ()\2 0 (‘-\3
Ay Ay Ay
ON; ONy ONs JNy ONs 09Nz
L Jy A Ay A dy Ar



(y2 — y3) 0 (y3 — 1) 0 (y1 — yz) 0
B_ 1
= oA, 0 (i3 — x2) 0 (1 — a3) 0 (g — a1)
(»t‘?. - 'ifz) (3}2 - 113) ('»51 - ;lfg) (113 - y1) ('»L'Q - 1’1) (yl - y2)
Our Problem:
2 st CST-element Dyy, Fyy D3y, F3y
D3xi F3x
DT = [Dlx Dl_y D2x DZy D3x D3y D4x D4y]
FT = [le Fly Fy FZy Fs, F3y Fyy F4y]
k, = f BTCBdV = k, = | hBTCBdA
Ve Ae
‘ Dzy, Fzy
g]/ e o) DZJoFZy
We consider the elements:
Element 1 Element 2
l
m
: l

Local Nodal Coordinates
(x1, 1) = (0,0)
(xz.}’z) =0
(x3,¥3) = (0,D

Area of the element
l2

A4 ==
el 2 2

1

Ny :m[(o—l)(x—i)+(0—1)(y—0)]: 1-
1

N, :m[(lfo)(xf()) +(O0-0@-0l=

N3

= (0= 06— 0) + (L= 0y ~0)] =

~ ~x =

~I<

Lokala nodernas keordinater
(e, 1) = (L0)
(x2,y2) = (LD
(x3,¥3) = (0, 1)

Area of the element

1
N3:m[(o—l)(x—l)+(l—l)(y—U)] =1

R
Az =75 =73
_ 1 Y
M =g l0 = DG =D+ 0= Dy - D] =1-3
1
Nz:%[(zfo)mo)+(tfo>(y4>]:§+%71

l

| O Local node QO Global node




Constitutive behavior:

1 v 0 1 0 O
E (v 1 o0 0 1 0 —
C=1_v2 . . 1= :)C:EO . 1 v=20
2 2
Element 1:

12
ko, = j hBT,CB,,dA=h | B;CB.dA=AhBT,CB,, = 5 hBZiCB.,
A

e Ae constant
1—1010001[—101000
>B,=_—|0 -1 0 0 0 1|==—]0 -1 0 0 0 1
24ell 1 1 911 0l le1 -1 0 1 1 0
3 1 =2 -1 -1 0
1 3 0 -1 -1 =2
. Ehl=2 0 2 0 o0 0
1™ 4)-=1 =1 0 1 1 0
-1 -1 0 1 1 0
0o -2 0 0 0 2/
Element 2:

k., = Aeth"Z(:Besz =h f Bl,CB.,dA = A,hBT,CB,, = ?thzaee2

Ag constant

0o 0 10 -1 0] ;[0 0 10 -1 0
=>Bez——0—10100=70—10100
2421 0 1 1 1 =1 -1 0 11 1 -1

1 0 -1 -1 0 1

0 2 0 -2 0 0

k_Eh—1 o 3 1 -2 -1

e2 — ~ o




Assembling:

3 1 -2 -1 -1 0 1 0 -1 -1
1 3 0 -1 -1 -2 0 2 0 -2
k. —Er|-2 0 2 0 0 0 I _Ehl-1 0 3 1
1741 -1 0 1 1 0 27 4|-1 -2 1 3
-1 -1 0 1 1 0 0 0 -2 0
0 -2 0 0 0 2 1 0 -1 -1
+3  +1 —2 -1 0 0 -1 0
+1 +3 0 -1 0 0 -1 —2
-2 0 +2+1 0 -1 -1 0 +1
_Enl-1 -1 0 +14+2 0 -2 +1 0
K=o o 0  +3 +1 -2 -1
0 0 -1 —2 +1 +3 0 -1
-1 -1 0 +1 -2 0 +1+2 0
0 -2 +1+1 0 -1 -1 0 +2+1
3 1 -2 -1 0 0 -1 017
1 3 0O -1 0 0o -1 -2
-2 0 3 0O -1 -1 0 1
Eh|—-1 — _
o K =22 1 1 O 3 0 2 1 0
410 0 -1 0 3 1 -2 -1
0 0o -1 -2 1 3 0 -1
-1 -1 0 1 -2 0 3 0
L0 -2 1 0O -1 -1 0 3

Vector of forces

The expression of the element force vector for the CST comes from

I

e

BTCBdV]

-,

8

NTtdsS + f NTK,_,dV]

—

B

o

o N O



LOAD CASE 1:

+—

Dy, F . D, F D 0
N “1xr Flx 2xr 42y 4x
1 - (2)»
C/ . _D4y_ D4y_

Vector of Nodal Forces:
- F%Od = [Rlx Rly 0 RZy 0 0 R4x O]

Vector of Superficial Forces:

(they act only on Element 2)

1-2 ]
Nl 0 Nl 0 Nlo.(] l
0 N1 i 0 Uy 3
Fs,z:fNTtds:f 0 s [t ]. f hedy = hf N20o) 4y = haof 7T Yay
S, S, 2 ¥ 3 ) N b 0
300 X
0 N 0w 0 1-7
| o

oohl
=>F52:OT[1 01 0 0 0]

No Body Forces



_Rlx_
[Rix] 107 Rly
Rly 0 Uohl
1 2
oy hl
F=Fn0d+FS= RZy 0— 0 = Rzy
2 |1 aohl
0 2
Ry 0 0
-0 0- R4x
L 0
Solving the system:
F =KD
S S M S S Y .3
=== === fr == == === == === == 2= 1 -0-o
42 0 3 0 -1 -1 d 1 [P
ER[Sr= 2770777377021 o[ 9
41D 0 -1 @ 1 -2 —1||Dsx
b 9 -1 -2 1 3 ¢ -1y
ISR, IR . PR EPRRPRS: [AVRpRpRRE, NRPRON s WRPROS: SRR o W | N4 8
.b —EZ 1 d. -1 -1 q 3 1[Dyy ]
Displacements:
D2x 1
D3x O_Ol 1
= = —
D3y E |0
D,y 0
Forces:
Hlx
Ryy 3 1 -2 -1 0 0 -1 07
aohl 1 3 0 -1 0 0 -1 -2
2 -2 0 3 0 -1 -1 0 1
Ryy|_ERhl-1 -1 0 3 0 -2 1 0
ohll] 4]/0 0 -1 0 3 1 -2 -1
- o 0 -1 -2 1 3 0 -1
0 -1 -1 0 1 -2 0 3 0
R,. 0 -2 1 0 -1 -1 0 3
. 0

o o DU‘JI:Q Dt‘-'jl

S
=

Q
o
El\J

oo

A

OON|

= Fred = KredDred

3 -1 -1 17Dz
_Ehl-1 3 1 —1||Dax
T 40-1 1 3 -=1||Dsy

1 -1 -1 3/[[Dyy

R].r —1
Ry, _rrl,hf 0
Ryl 2 |0
R4a' -1



Post- Processing

Element 1
07 px
1 0 O Q| Dy
o 1 ol1[- 0 1 0 0 0]5l{|oax a1 [
0'1—E 170 -1 0 0 0 1F0D2y S0 = Uy =10
0 0 - L1 —130110 olva Tyl Lo
Cilv=0 ! QDY
——
de,l
Element 2
r17 D 2x
1 0 0 0 b2y
01010 0 1 0 -1 OO'OI‘_[Dax Oy 0y
UZZE 1?0 -1 0 1 OFODSY S 09 = Jy:O
0 0 E —1 0 1 1 1 -1 0lo 4 Txy 0
B,
Cz2lv=0 L0 D4y
de,Z

We only have tension in the X direction. OK !

LOAD CASE 3:

kDZyrFZy
Dy, Fpy

Force Vector

Nodal Force Vector

—Fl ,=[Rix Ry 0 Ry 0 0 0 0]



Body Force Vector:

Fb,e - J' NTKde
V,

e

N, 0
0 N
N, 0
0 N,
N, ©

[0 N3

k=]

Element 1:

Element 2:

1_
ll-x
ff —pg
00
0
f 0
—pg|*_ Y
J 11T
0
X
I

,Nl
0 N
N,
0 N,
N3

e

[0 Nl

0 -
X )y

/T

0

x h-dy-dx
l

0

L

l

h-dy-dx =

pghl?

12 — 21x + x>

2lx — 2x2

[12 — 21x + x2]

2y

A
4y

_ O RO O
%

,Nl 0 -
(A
N, 0
0 N,
N, 0
[ 0 N;l

[ 0

—p

X

dx

]h-dx-dy

g]h-dy'dxz (...)

[_29] h-dy-dx =(..)

pghl’

O R ORO




F=Fnuoa+Fp1+Fp2=

Solving the system.

Rlx

Ry
0

2y 3

pghl’
Y6

pghl?

3

-1
-1
0

L1

7R1x
Ry,

0
Ray| _

0

0

0

[ 0
31
1 3
-2 0
Ehf-1 -1
410 0
0 0
-1 -1
L0 -2

pghl’

-2

-1
-1

0
3
0

0
1

PO OOROR O

pghl?

-1 0
-1 0

0
3
0

-1
0
3

-2 1

1
0

= Fred = KredDyea &

-1
3
1

-2

-1

-1
1
3
0

-1

0
-2

0
3
0

-2
-1

PO R OROOO

0
0
-1
-2
1
3
0
-1

Ry )
hl
Rly_pg6
0
pghl’
2y T 3
0
pghl?
6
0
pghl”
3
-1 01l 0 T
-1 =211 0
0 1 D2x
1 offl?9
—2 —1|[DP3x
0 -1 D3y
3 0 |[Dy
0 31|p,,
g
pgl? _g
24E | _,
—15




Finding the reaction forces

Rlx
hi?
Ry, — & 96 3
1
0 —2
pghl®l pp|_{
2y T = —
3 4|0
0 0
pghl? ~1
-2 B
0
pghl?
3
Rlx
pghl?
[FyxT Rly o 6
Fiy 0
Foyx pghl?
Fsy 0
Fay pghl?
Fix o 6
_F4-y_ 0
_ pght?
3

Post-Processing

-1
0
0

-1

-2

2 -1 0
0 -1 0
3 0o -1
0 3 0
-1 0 3
-1 -2 1
0 1 -2
1 0 -1
0

pghl?

3
0
pghl?
6
0 Rlx
pghl® | = |Ruy
6 RZy
0
pghl?
6
0
pghl?
3

0
0
-1
—2
1
3
0
-1

o = CBD,

-1
-1
0
1
-2
0
3
0

(pghl?

pghl?

pghl?

0 —

-2
1
0

-1

-1
0

3

pgl?
24E
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