Tutorial 1: FEM for Engineering Applications (SE1025)

Chiara Ceccato, ceccato@kth.se.

Problems:

1.6 A beam of length 2L and with bending stiffness El is subjected to a bending moment
applied at its right end. The left end of the beam is clamped, and the mid-point is attached to
a vertical spring with spring constant k = 6EI/L3. Evaluate the rotation of the right end of
the beam by use of an energy method.
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2.1 A system of five springs are connected as shown in the figure. All the spring constants
are in the current application equal to k. Furthermore, D1 = D4 = 0, F3 = 0 and F2 = P.
Determine the displacements and reaction forces.

- - o
D,. F, D,. F, Ds. Fy D,. F,

2.2 Three springs are connected according to the figure, also showing the applied external
force P. The spring constants are: k1= 5k, k2 = k and k3 = 2k. Determine the displacements at
the points where the springs are connected and evaluate all the reaction forces.
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Summary from the classes (1):

Elastic energy and Complementary elastic energy
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Elastic Energy Complementary
Elastic Energy
F F
W 8

w=[, F(8)ds Rl 5(F)a
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i i ’ Linear Elastic
Linear Elastic o
Elastic Energy P ry

F F| Elastic Energy

w W=f05F(6)d6 =§p5 w=[, 6(F)dF =%F5
6 W= W b
BEAM SECTION & e
— — (—)— — ¢ strain
i " M Area A(x
Length L (x)

Volume V=f(f‘ A(x)dx

Linear Elastic Energy
w=[y F(8)d6 =1F5
w=[, f;c (dedV = [, f(f EededV = [, %Eaz av = [, %08 dv = fOL%c(x)a(x) A(x) dx
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Generally A{x) constant

Linear Complementary Elastic Energy Alx) =4
W=, 8(F)dF =1Fé T
w=[, [Je(0)dodv = [, f;’% dodV = |, %"gdv =l %cgd[/ = f;%g(x)g(x) Ax) dx
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A constant
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Castigliano 2nd Theorem

W qr Unknown Displacement/ﬂotation

e = E Qr Known F-::-rce/ Moment

Principle of Least Work

— =0 R;. Reaction Force
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Problem 1.6
N ////é//’
T R

(4) (B) (©)

Castigliano 2" Theorem

_ OWror =y Wror = Wgeam + WSpring

aM,
Equilibrium of the structure
N
M, = Mg I Mc =M,
. é . n—R+N=0
C l [ .) =R=N
JA:_MR-N'L'f‘Mo =ﬂ
R
(4) (B) (€)
Local Equilibrium N
" Mc = M, _
M, = Mg Mg RN Mg Tyi=R+ T, =0
L I % L =Tg, =R
C m ) Cl () dpai—Mp+ My =0
R [y l Tgn = My = Mo
N

From the equilibrium

MRzMU_NL

M, =M
R M;::Mi

R=N
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_ 2
M, = Mg Mj W= ;’% i (Mf + MaMg + M3) =
—
l 0 I) = E (Mg + Mg M, + M{f)— pren [(Mo — NL)? + (Mo — NL)M, + M=
.

=a [MZ + N2L? — 2MyNL + MZ — MgNL + Mg]_— [3MZ + N2L? — 3MyNL]

N (I N

Vo= tys =1
4 )\ /- e Wan=; N6 =3N

(g)_lnﬂzﬁ_ifvzrf“ L(NZLZ)
k/ 2 6EI 12 EI 6EI\ 2

M.=M
Jlfg C 0

— L M(
Cl L ) WUH) IO ZE:EZC)d (Mé + MgM, + MCZ) =
()

_ L AL 2
= (ME + MZ +M0) e (3M0)

WTOT _— W(lr)+ W(H) +W(Hf)__(6MO + N Lz - 3MONL)

Principle of Least Work

awTOT L 2 MO
— = — (3N2L2 —3M,L) = 0 = —
=0 ) ol) - N
So...
3 MJL
WTOT = W(f)+ W(H) +W(Hf)—_(6MD + = MD - BMO) Z Ef;'

Castigliano 2™ Theorem

OWror_ 3 MplL

9 =
oM, 2 EI [Nm][m]
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Summary from the classes (2):

Matrix Formulated Structural Mechanics: 1D

fl ._M_. f2
—» k —»

(W58 uz

W= [ F(8)d8 = S F8 = k82 = S k(up —uy)>= 3 k(u3 + u? — 2uyu;)

Castigliano 1st Therem
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Problem 2.1
What we want: Data:
i k3 ' Forces: Displ:
1 Fl Dl ‘D1 —
F, D, = F
F3| |Ds 5=
F, D, D,=0

D\.Fy, D, F, D3F3 D4Fy

Material Data

k - kl, kz: k3: kd-! kS

For a single element

Fe = KeDe i
OAAAAG iﬁl_ﬁpw“ o= K=kl 1]
o ). = (DU"‘DM) 1 +1
D, 1, Fe s D, Fe, [Fe 1] . [ 1 _1] le]
ro =kl 1D,

For the system

Fy ki1 kiz kiz ki D,
+ p? f Fo| |k koo ks deas|Ds
i F; k31 k32 k33 k34 D,

D,F, D;F; D,a
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Assembling
Fi] 141 -1 -1 0 D,
Bl _p| -1 1+1+1 —1 —1 ||D:
Fy| —1 -1 1+1+ D,
F, 0 -1 1+ D,
"= Rl [2 -1 -1 0][P]
F, — K -1 3 -1 -=1||D;
F -1 -1 3 -—1||Ds
Fy . [0 —1 —1 2 JLD4]
mp [F1] [ e TR
Bl_eldt 3 -1 Hif|Dp;
|Fy ] — +—1 110 |

) —
F=151=+12 S
Compute the displacements

)
F=KD K fF=D

D] _1 1 3 11[P
ng_ "k 33-(—D(-D 11 3] [0]

D1 1
=al sl b
Az[“

_D2]=£[3] i dd e
_D3 8kl A_lzad—bc[—c‘ al
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Compute the forces

F; —1 -1 0 0
F; —1|8k|1
F, 2 0
Fi=k|2:0-1" I(P)l
8k 8k
F. — P
1= 2

F,=k|—1- 3P 1(P)+2 0]
T 8k

. P
L)
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Matrix Formulated Structural Mechanics: 2D

4 = |€ sC ¢ = cos
ce 5 5 = sind
2 | ” .Iillz = ':Db'ﬁ'x = 1."-2_.";1}'/1.
12 12712 :
a= My, = cosd, = (y,—17}/L

I 5 -
L= ,.dlf.‘l.'z. —x )+ (-
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Problem 2.2

rigid beam Y oy (1) GlobalNode Number
p [ Element Number
(0,0) _.1. Degree of Freedom
What we want:
Data Material Data:
Forces: Displ:

(F11 [Fix] Dy 1 (D17 (D, = kj: - 5;

. o ——

'F'Z FIJ" DZ Dl}r If— -_ fl: k;— 2k

Fol _ | Fax Diy| = | Doy | !}3 : o

Bl |Foy De| |2y Ds =0

FS F3-T DS D3.I !}; =0

F(‘r -'F3}"- Dﬁ- __D:i}rd ’

Create the Stiffness matrix for each element

Elem. k X X Vi ) L Lis my, a K.

16 12 -16 -12
16 12] k|12 9 -12 -9
12 9 5|-16 -12 16 12
-12 -9 12 9

1
1 5k 0 4a 0 3a 5a 4/5 3/5 ﬁ[

1 0 -1 0

10 0 0 0 0

2 k 0 4a 3a 3a 4a 1 0 o ol MY 0 1 o
0 0 0 0

0 0 0 0

00 01 0 —1

3 % 0 0 0 3a 3a 0 1 [0 1] 2|0 o o o
0 -1 0 1
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r [ 2 ! lis = cosd,. = (x,=x,)/L
Dy K = F @ -a a=| 12 ‘122 12 X ™4 ’
e a a.| _I.um” mf:] myg = cos@, = (v, —-yy)/L
Assemble the Stiffiness Matrix
Element Node Stiffness Element Stiffness Matrix Row
AN~ O k; K. - 1 2 3 4 5 6
6 1 P Cc;l. 1x 1y 2x 2y 3x 3y
5 B 5 §
12 9 12 9 1 16 12 16 12 - -
5 5 5 5§ = o= e
1 1,2 5k H Y% % 1 13 1x 5 )5 5 ';-'.}
5 5 5 & 2 12 g - 12 - 2
12 9 122 9 iy 5 352 5 5 O .
= R 0w T =
(1 0 -1 0 23 I8 L2 ey, | 22 1 0
0 0 0 0 2 5 5 5 5
2 23 k K21 0 1 0 4 12 9 12 9 5 .
L Z*x "% "B F g
0 0 0 0 2 0 0 1 0 1 0
elo 2 0 —2 3x
3 il 2% 0 0 0 0
0 -2 0 2 - 0 2 0 0 0 2
3y
. [ 16 12 —16 =12 0 0 11Dy
Fiy 12 19 —-12 -9 0 —10 |[|Dyy
k| —-16 —-12 21 12 -5 0 D
F=KD=| =2l _0 Z5 1 .
Fy| ™5 9 0 0 [|Dy
F3X 0 0 _5 0 5 0 Dgx
. | 0 -10 0 o 0 10 ||Ds,
[ Fiy F 16 12 —-16 —12 0 0 1r07
—P 12 19 —-12 =9 0 —10 |(|Dyy
- O _k|-16 —-12 21 12 =5 0 ||Dax
Fy|T35|-12 -9 12 9 o 0 |lo
Fy, 0 0 -5 0o 5 0 |[lo
| F3y 0 -10 0 0 0 10 JL o
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= Dred

K—l

red

« Dred

—P

(Fy

[

o i a an a n y d - ) =
f1x 1 TZ — 10 Z o
-pP P 19 -12 -p (4 -1 D,y
o | 0| _k|l-16 -12 21 1p -! D,,
P —e T2 Q 12« ‘ .
‘E'jx N, N R i C " 8
ol il 1N N i i 1.0
13}!7 \ p 1YV -y -
—12 IDly]=[—P]
—12 D3x 0
Compute the Displacements
KredFred
-7 4 Invert Matrix
— — _|a
1117 17 A=t g
k 4’ 19 -1 _ 1 [d —b]
ﬁ H ad —bcl—c a
"7 47 PN I bt
117 a7 -p) LT (T
k|4 19(lol k|4 P+19 0 —4Pp fm] =
17 51 17 51 1764 ™M
Compute the Forces
0 -
" 16 12 —-16 —12 0 0 7 7P
12 19 -12 -9 0 =10 ||"77%
_k|-16 -—12 21 12 -5 0 AP
“5l-12 -9 12 9 o o0 || 717k
0 0 -5 0 5 0 0
0 -10 0 0 0 10 | 0
0
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Check!
SF = 0
Bl 3 B 14
SYF=P(—2+(-D+0+2+2+1)=0

[N] = [N] oK



