FEM for Engineering Applications / J.Faleskog

FEM for engineering applications (6 hp-credits)
— continuation course in Solid Mechanics —

Goal: to learn the fundamentals of the Finite Element

Method (FEM) and how to work with FEM as an
engineering tool to solve problems of technical
importance

Scheduled teaching

18 Lectures (theory, examples & case studies)

Erik Olsson (coordinator & lecturer)

8 Tutorials (examples & case studies)

Chiara Ceccato and Hossein Shariati

2 Compulsory computer workshops

— solving problems by use of the FEM software
ANSYS (a student version can be down loaded)

— Held in the Solid Mechanics track room

— Xarried out in groups of 2 or 3 students

3 Homework assignments
— to carried out in groups of 2 or 3 students

— give bonus points at the written exam
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Outline of the course

1. Energy principles and methods
(~ 3 Lectures., 1 Tutorial & 0.5 Home work assign.)

» Fundamental concepts

* Analysis of statically in- ‘ TS~ _ 6
determined problems l

 Formulation suited for com- _ oW -
putational methods 0 = oF

2. Finite Element Method
(~ 14 Lect., 6 Tut., 2 Workshops & 1.5 HW)

» Formulation of FEM-equations for
structures, solids and heat conduc-
tion problems

~ Truss structure

-,

» Approximate displacement/temper-
ature interpolation for trusses, o Y \
beams, 2D- and 3D solids » \ P,

o Matrix formulation—suitable for
computational analysis by comput-
ers

e FEM-analysis with commercial
software used in industry (Work-
shops)

2D-solid
(continuum)
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Literature
e Handouts on Energy principles and methods

e The finite element method—A practical course (2003)
by GR. Liu & S.S. Quek (available as an E-book at the
library KTHB, can also be bought for about 500 SEK)

e FEM for engineering applications—Exercises with solutions
(Aug. 2008) by Jonas Faleskog

=> Course package containing:

* FEM for engineering applications—Exercises with
solutions

sold at the student office
Teknikringen 8D prize 100 SEK.

Home page: https://kth.instructure.com/courses/6888

Homework assignments

Instructions for computer workshops

Slides from lectures (pdf-file)

Old exams

Matlab programs: Spring/truss structures
1D Beam problems
Frameworks of beam elements
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The Finite Element Method (FEM)

e Many physical phenomenon in engineering and science can be
described by partial differential equations (PDE). These are in gen-
eral impossible to solve with classical analytical methods.

Steady state heat transfer in 2D (scalar field problem: T)

. T _ ary Varigp \
Ox» Cy PDE: _V _(DVT) +s =0 Temperature le

0
v =% p-= [kxx kxy]

0 k.. K
— X
By yx yy

Linear elasticity in 2D (vector field problem: uy & uy )

S

I :
PDE: V{(DVgl)+b = 0 dl_smlary Variapjog
_ _ pacements _
t,, t 0 _ _ u
=) 5-)-( 0 1v O u=|"~
u
E LY
VS =10 Q D = > vl 0 -
oy 1-v 00 1-v b = KX
9 9 I 72 I %
0y OX| LY

Other examples: Diffusion, Fluid flow, Electromagnetics, etc.

e FEM is a numerical approach to approximately solve a PDE,
resulting in a system of linear (or nonlinear) equations in the discrete

values of the primary variable/variables which is solved by a compu-
ter.
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FEM—the basic ideal!

e To divide (discretize) the body into finite elements, connected by
nodes, and to obtain approximate solutions in each element (often
based on low degree polynomials).

e The “discretized body” is denoted the finite element mesh and the
process of making it is called mesh generation.

Example: plate with circular - I
hole subjected to uniaxial

tension. < —
Node Element

Fi

=l — ) .:.j. ——n Yy &1 !

nite element mesh  Refined Finite element mesh

e The approximate solutions in each element is expressed by use of the
nodal values of the primary variable/variables, which comes out as
the solution when solving the system of equations. The accuracy
depends on the size of the elements and number of nodes used.

e To arrive at the equation system (FEM-EQq.), the PDE (strong form)
Is reformulated into a variational form (weak form).

e |n linear elasticity, the Principle of virtual work and the Theorem of
Stationary Energy directly leads to the weak form!
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FEM in practise

e Used on a regular basis in industry to predict the behaviour of struc-
tural, mechanical, thermal, electrical and chemical systems for both
design and performance analysis.

e FEM in the design process for engineering systems:

Conceptual design
Define problem, gather information, concept
generation, and evaluation of concept
Modelling »
Physical, mathematical, computational, |<7
operational, economical aspects, ...

Simulation 1=
i n . * o
Experimental, analytical, and computational %
S
o
Analysis E
Evaluation and post-processing of results, =
computer graphics, .. =
( Design /
( Prototyping)
|
( Testing )
|
(" Fabrication )

* Chose a FEM-program, where the FEM-Eq. of the physical
phenomenon to be analyzed is implemented. Commercial
programs, examples: ANSYS, ABAQUS, NASTRAN, ...
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Examples of large structures analysed by FEM

| i

M , S FAFHLM,

| i

L2 | il ¢ i .

1 ,c.é/y Jas Gripen

> i A military airplane (SAAB)
':;"'-1{"—-.-‘.-;-,.-*" ,qushm

AL e g
e

From: H. Ansell (1998), Mekanisten 1998:3

Crash simulations of an automobile

(d) =100 ms

From: Z.Q. Cheng (2001), Finite Elem. Anal. Design 37.
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more examples — in science ...
Micromechanical 3D FEM analysis on the micron scale

For development of fracture criteria in structural steels
(I. Barsoum, J. Faleskog and M. Stec, KTH Solid Mechanics, 2007)
L |

Deformed mesh of the cleavage planes

Deformed mesh showingt 1SO-
contours of effective stress

|. Cleavage fracture showing
a microcrack growing

across a grain boundary

weak
material

spotzv

[1. Ductile fracture by
growth and coalescence

of micovoids

Deformed mesh
showing iso-contours
of plastic strain

Undeformed
FEM mesh

spherical S 58 \/»
void
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FEM—nhistorical aspects

1943

The method was outlined by the mathematician Richard Courant,
but the method never caught the attention of engineers.

Mid 50s:

Developed and put to practical use on computers in the mid 50s by
aeronautical structures engineers:
M.J. Turner, R.W. Clough, H.C. Martin, L.J. Topp
(Boing and Bell Aerospace) in USA,
and
by J.H. Argyris and S. Kelsey (Rolls Royce) in UK.

1960s and later:

Theoretical basis for FEM was developed and mathematicians
started to study different aspects of FEM, convergence, etc.

Development of FEM software began:

E. Wilson (freeware), D. MacNeal at NASA (general purpose
program known as NASTRAN), J. Swanson at Westing-
house (developer of ANSYS), J. Hallquist at Livermore Nat.
Lab. (LS-DYNA), ABAQUS developed by HKS (1978), and
many many more ...

Recent development:

Various aspects of nonlinear problems, advanced material models,
modelling of fracture, modelling of topology (automatic mesh
generation), multi-physics (coupling of different physical phe-
nomenon, e.g. fluid/structure interaction), and so on ...

But, the widespread use amongst engineers and scientist had never
been possible without the exponential growth in the speed of comput-
ers and the even greater decline in the cost of computational
resources!

—1.9(13)—



FEM for Engineering Applications / J.Faleskog
Stored elastic energy—multiaxial stress/strain states

The Stress matrix, S, definesthe [ 7
. . . O,
stress state in a material point XX
B 7 0,
G O, O' yy
Xy
S =\o,. o. o c = ez
Xy 7yy ©yz o
O, Xy
~a VY Oyz Oy Oz
O-XZ
vector form 0y

Normal strains (change of volume):

IAV /|//\\//,,__*\\
y ST du oV~ oW
: Cr (B T Ay By T 5 ) 87 T o7
X |Ay : \\\\ax ) y 4
AX_ | Au |
AU Shear strains (only change of shape):
Au LT T
rJH,,/ﬁ}Av / _ oV _ ou> _ OwW  du
[ [ JX o ox oy X2 0ox oz
A | |1 g - _ -
I B _ow, ov
I __-T1Av vz = 3y " oz
AX

: N
Stored in vector form:g’ = [Sxx Eyy €22 Yxy Yxz vsz

Elastic strain energy / unit volume:

W I(O‘ de,, + ayydsyy + o, de,, +

+ nydyxy + szdyxz + O-yzdyyz)
For a linear elastisc material we obtain:

(O_xxgxx + Oyyyy t 05,8, nyyxy + OxzYyz + O_yzyyz) =W
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Deformation in a Bar

Applied forces & internal (section) forces
normal force

body force
force
&m LI L M

= oA
>
(X) .
_ X Cross section: A(Xx) area
displacement Material: E(x) elastic modulus
Deformation
dx
Undeformed
X u
|
Deformed - —
dx+du

Strain: e = (dx+g)L(|)—dx - 3_)2(' =u ()
(Compatibility)

. Hook
Constitutive Eq.: = A = { (io ° } = EAc = EAU’ (2
(Hooke’s law) c = Ee
Equilibrium: ‘3—')\('+AKX =0 (@3
Egs. (2) & (3) give: QEA@ +AK, =0

' ' dx  dx

=> the solution to the diff. eq. gives the displacement u(x)
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Deformation of a Beam

Applied forces & internal (section) forces

force / unit length

Q(X)
25» ( W(X) /%i Cross section
y :

, » » Centre of
A/|\/| gravity

I\/Iaterlal. E(X)

(Elastic modulus) :Isz =0
A
Deformation A = IdA | = IZZdA
A A
Deformed
centroidal \

axis
Wormed ]

centroidal axis

“Negative

Simplify! consider the case N=0& M, =0 strain”

- _ E _ —w" 7~ W
Stram._“ g—R—[ 23/2j Z~-W"z (1)
(Compatibility) (1+(Ww')")

Constitutive Eq.: M = j 26dA = j ZE(-w"z)dA = -Elw" (2)

(Hooke’s lag) A A
T dM dT
Equilibrium: - = — =_ 3
: dx T dx a ©
d® (_ d°w
Eq. (2) & (3) give Euler-Bernoulli Eq. [El—j q=20
dx dx

=> the solution to the diff. eq. gives the deflection w(x)
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Elastic energy stored in a beam

AZ fw(x)
T(X)
Jx a0k g A NGO My
JM(X)
Only considering normal strain (direction of the beam):
Constitutive relations: N = EAU’
M = —Elw"

2 2

W= J(Sents Gonfox = [(3g + gy)ox = @
L

L

Accounting for shear strain (shear force & torque):

2 2 2 M2
N M T
W= W= I{ZEA+2EI *BoGa” ZGK}dX
L
AZ 3 3
y o, b g :b_h_@
Ih =35 B=12 K= 20
- b |
AZ
Ay | _mabd o 10 « - mab’
b#k/ y 4 9 a2+b2
a
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Lecture 2
Rep. Work-Elastic Energy

“When an elastic solid deforms under the action of exter-
nal forces, elastic energy Is stored in the solid”

Example: linear elastic material

Point wise in the material elastic energy is stored as:

Uniaxial, o = E¢ ) Ee?
\o W' = |ode = N
— 2
W' . - )
W' = = —
.SdG oF
& where W' = W' = i

2
Multiaxial, GU = Cijklgkl

YV 1
r — (—
W' =W —2(6X8X+68 to,e, 1

yoy xy ' xy TVt Tyzyyz)

Stresses and strains can therefore be expressed as:

P oW’ oW’
Uniaxial: - 2 - 9
© o€ ¢ Fole)
ij 58” J 56”

Total energy in the solid:

Elastic energy: W =

Complementary elastic energy: W =

—21(5)—
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Discrete systems—Summary
Q; and g; are work conjugate,

AP, 0

.0
[P-0] = [Nm]
[M-0] = [Nm]

Linear systems (linear elastic material & kinematics)

i.e. that Q; x g;have units of work

n n
Flexibility form: 0; =" a;;Q;||stiffness form: Q; = > kj;q;
j=1 ji=1

Maxwell’s reciprocal theorem:ocij = 0 and kij = kji

(ajj and k;; are thus coefficients in symmetric matrices!)

Elastic energy: W = %szijqiqj
o
Castigliano’s 1 theorem: g—\év = Q
|
Complementary elastic energy: W = %ZZaijQin
I
Castigliano’s 2"9 theorem: S—gvl = q;

—22(5)—
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PHYSICAL INTERPRETATION OF

MAXWELL’S RECIPROCAL THEOREM

Oi: = O kij = kji

Up u
41.. - -2---—-—_11 [uj-] ) [all alz] [P]]
u Olpq O P
P,V P, 2 21 Y2212

Consider the two cases:

P]_:O&Pzzpo P1:PO&P2:O
Uy = a45Py U = U, U, = a, Py
e DU since e EE L
lpo G1p = Op1 lPO
Note that!

The coefficient a; determines the influence
of the force P; on the displacement u;

Alternatively

The flexibility in the direction of displacement u; due
to the force P; Is determined by the coefficient a;;

aj Is therefore denoted influence coefficient
or flexibility coefficient

—23(5)—



FEM for Engineering Applications / J.Faleskog
Statically indeterminate structures

*P

_O
LA
Equilibrium:
R ¢P R
&A * B *_:RA'FRB—P:O
Ma ‘A -M, +PL-Rg3L = 0

=> 3 unknowns — 2 Equil. Eqn. = 1 statically indeterminate,
e.g.Rg

Solution:

f Re 46, =0 (kinematic constraint)

O = aaTW = 0 = Equation to determine Rg
B

Generalization—use an arbitrary internal force!

cut at x:

@7 *p AR ;

_ oW, )
Wi(P,R)=0 = == Wi(P,R) =0y = ==

but compatibility requires that &, = =8, < §,+6,, = 0

5 45 :@V_VI_I_aWIl:i(V—V_I_V—V):iV—V:O
PP T R R T ar T T TR
Thus: (gig = 0 = Equation to determine R
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For the general case we obtain

Let Qq, ..., Q be n external generalized forces and

Ry, ..., Ry be m statically indeterminate
Internal forces

=W = W(Q,, ...,Q Ry, .., R )
then

oW

=0, k=1,....m = mequations for the
OR,

unknown Ry, ..., Ry,

The solution takes the form: R, = R (Q,, ..., Q,)

Application of Castigliano’s 24 theorem then gives:
0

\/)/éR|+8V_V _ oW

G = an Z 0Q, 0Q, 0Q,

=1 R, = constant

—25(5)—
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Lecture 3 &4
Matrix formulated Structure/Solid mechanics

n
Q2 Stiffness formulation %" ki, = Q;

j=1
Qn k11 . e kln o} Ql
SYM. °°
B knn_ _qn_ _Qn_
~~ J %/_J %K_J
K q Q

How should the degrees of freedom (q;, ..., g,,) be chosen
and how should the stiffness matrix K be determined?

1. Divide the structure into elements

2. Use exact or approximate methods to describe the state in an
element

3. The state in an element can often be described by a small num-
ber of degrees of freedom (D.O.F.)

Exemple:
1 D.O.F
: F
Spring W F = ko
—= 9J
stiffness
1D.O.F N A
Truss/rod L — — N ::E—A'S
— 9 \_L,'
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Structures — Solids

Truss structures joint
transmitting
axial forces

- Truss (bar)-
element
YpP
joint

Beam structures transmitting
forces & moments
Beam-
K element
l P

2- and 3-dimensional solids

2D and 3D
Continuum elements

—32(12)—
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One truss element in the plane (2D)

Local coord. syst. {x,y} —> Global coord. syst. {X,Y}

Tl» < {XZ’%’ 2 f =~ = k(uz—uy)
X ‘*\ |e |

Given Doy and Doy,
determine u,

R \
\ 4 2y COS Pyy
{ D,y COS Py

= Uy, = D,y C0S @,y + D,y COS @,y
U IS determined in the same way!

(\7 “Direction
Uy = DyyC0oS@,y + DqyCOSP,y COSINES

p—
{Uz = D,y cosg,y + D,y Cos g,y

where cosg,, = (X, —X)/1, = 1} } “Direction cosines”

2 2
cosg,y = (Yo-Y{)/l, = my,| Wwhere I, +mj, =1

e = «/(Xz - X1)2 + (Y, - Y1)2

—33(12) —



Matrix form: [u1]
2

u
HK_J

d

€

Nodal forces:

‘[Y Xy Yy}
X

Foy

Matrix form:

FEM for Engineering Applications / J.Faleskog

DlX

_ |lpmyp 000 D1y
0 0 I my Dy

T Doy

. k_ﬁr_J
Transformation D

e

matrix
(4 D.O.F.)S

Express the axial force, fy, in

2 components in the global coor-
dinate system (project f, on the
Fox  axis of coordinate syst.)
{sz = 0084, = Tlp5
Foy = f5C084,y = fomy,
_I12 .
_ |Mp O f,
0 I f,
k_ﬂf_J
N e
77
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Summary: local —> global transformation

Element stiffness matrix in
local coordinate system

e} =, = k,TD,

Fe =T fe ) (—> Ke
Element stiffness matrix in

global coordinate system

—
m 0 kllliom;, O O
where K, = 12 k —k||'12 M12
0 my,
2 me
=K, =k/& where a = | 12 ‘1212
—a a l..m m?
_ '12'M12 12 |
symmetnc
matrix!
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Alternative formulation for the planar problem (2D)

2 l,, = COS@,y = COSQ = C
Dox .
My, = COS@P,y = COS(E—gp) =
= sinp = s
—~T7=1¢s00
Kl 1 -1 00cs
-1 1
Global element stiffness matrix in the plane: )
o 5 ,
cO0 cC” €S —-C” —Cs
2 2
Ke:TTkeT:SOkl—l CSOO=kCSS —CS =S
Oc| |-1 1||00cs 2 _os 2 s
0s 5 ,
- —cs —s” ¢S s” |

The Global element stiffness matrix can also be derived by use
energy methods (Castigliano’s theorems)

Elastic energy:

k 2 _k 2
W= 5@Uz=uy)" = 5[ (€Dax +5Dsy) = (CDyy +5Dyy) ]

U

Uy

Castigliano’s 15 theorem gives the components of the nodal forces as:

Fiy = OW/0Dy, | k| Cs s* —cs —s°| |Diy _ |Fay

Fo = OW/0D,, _C2 _cs Cz cs D,y Foy

Foy = 8W/8D2y) _cs —82 cs S2 _D2Y_ _F2Y_
_ ~ _J V \4

Ke De Fe
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One truss element in space (3D)

Local coord. syst. {x,y,z} —> Global coord. syst. {X,Y,Z}

) D
7z  Displacements: 22 Uy

Y X ¥, 25} Doy

X D
2X o
X Dy l “Direction
U1 cosines”
D1x

= {ul = Dyxcos g,y + DyyCOS @,y + Dy7C0S 9,y

u, = DyyCosgyy + DyyCoSp,y + Dy, COS 0,5

where cos g,y = (X, =X1)/lg = 135 ) “Direction cosines”
COSdyy = (Yo—Y1)/lg = My ¢ where

2 2 2
CoOS @, = (Z2,—21)/lg = nyp | I, +mp,+np, =1

2 2 2 _
l, = J(xz—xl) + (Yo=Y +(Z,-2Zy) D,
DlY

: u l,, my,n,, 0O 0 O |D
Matrix form: I 1z
Uz 0 0 0 Iy mpng, Do

. J - ~ J D
de - T - 2Y
Transformation matrix D,,

(6 D.o.F.)\E\TEZ

—3.7(12) —



Nodal forces:
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Foz f, (Fox = 12€084,x = Toly,
/ = < Fay = fe0s4,y = My,
X..Y..Z F _ _
Z{ 2 V2 22} 2Y |Foz = fyc084,, = fng,
Fax F. [, 0]
v 1X 12
Fiy my, O
] F n 0 f
X Matrix form: | 4| = | 1° !
Fox 0 Iy f
%r_/
Foy 0 my, f,
Fa7] i 0 N7
%K_J ¢ VT
Fe T

Summary: local—>global transformation in 3D

N

de = TDe
}:>fe = keTDe
1:e = kede > = F
Fo=T'f,
—
Here

Ke

metric
sym matrix!

Element stiffness matrix in
local coordinate system

e
’ Element stiffness matrix in

global coordinate system

= TTk T = k{a _ﬂ where a =
a

—38(12) —
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Numbering of the Equations

» Total number of equations (= D.O.F.) are equal to

N total number of nodes
M In the model
» Numerical analysis requires systematic numbering of Egs.
(e.g. to handle boundary conditions etc.)

[D.O.F. per node] x

« Assembly of global stiffness matrix and load vector also
requires relation between local and global numbering of
D.O.F.

= Book keeping problem!

EX. 2-node element, 3 D.O.F. per node

Z
, Doz
XY global node D3;

2 > D,y numbers | J
D D3j.1
9 X \, D3y 3)-2
L D Py | D31
1X Global
Local D32

Degrees of freedom  EQ. number

Local Global (ex. I=1 & J=8)
Dix D32 1
Dy D31 2
Dy7 Dj 3
Dox D3j0 22
Doy DENE] 23
D, Dj; 24
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Ex. 2-node element, 2 D.O.F. per node

Y
X Doy global node Dy,

2 numbers | ]
> Doy

D21

EX.: a planar truss structure (trusses/rods or spring elements)
L oo 3 a2 7
B> (D—x—6)—= (10)—o 13 elements
8 nodes => 16 D.O.F.
© ©, © @

'\/—\ \m\/_\
%\‘b RO e Cound:

Element no. 11

YP

| =5
1 global no.
Degrees of freedom  Eq. number local no.
Local Global (e.g. I=5 & J=8) J=38
D1x D)1 9 2
D1y D2 10 ‘w
Dox D3;.1 15
Boundary
Conditions: D, = D3 = D, = 0 (Fy, F3and F4 reaction forces)

—3.10 (12) —
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Algorithm for assembly of global stiffness matrix

D,y = Dy;

Local — Global numbering

Dox = Dy

Node
2—>J

D1y = Dy,

Node
1->1

Assembly: element stiffness matrices are added
to the global stiffness matrix

i-_kll klzl :k13 k14-i | BB | =\

1Koy KogdiKog Koyl 1 "I
ke :Ir-====-J||I:====:|I Emmd hmmd

1 k3l k32' |k33 341

1 I | K =

| Kz KadKaa Ky YT

el
Algorithm:

for e=1-nN, - -
Compute the element stiffness matrix K,

Ekv(1) = 21-1
Ekv(2) = 2I Equation numbers are determined
Ekv(3) = 2J-1 by the element node numbers
Ekv(4) = 2) add k, to K
for i=1-4
for j=1-514
K( Ekv(i), Ekv(j) ) = K(Ekv(i), Ekv(j) )+ Kq(i, )
end
end
end row column

See the Matlab program: spring2D & truss2D on the home page!
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Truss structure example—Summary

o,

kgzgz (1 1 -1-1
Ke1 = 5 _kl1 1 -1
0000 I
0-20 2 1

Eq: (1) 2) (3) (@) E0:(3) (1) () (6)
Boundary Conditions: D1=D,=D5=Dg=0; F3=0, F4=-P

| RO
Equation 0000 0j00 D *l«— Unknown
. 02 0-20 0[|P2f~R))

ystem @\/%
kjo 0 11 ~1—1[(Ds)”Z [0

210211 3 -1-1||p,| |-P Known
0 0F-11 1|5, R
00 r1-11 1f|p]" R,
N> N

Computational steps:

1. Calculate element stiffness matrices and
assemble global stiffness matrix

2. Solve for the unknown displacements (Egs. 3, 4) => D3, Dy

(SR R

3. Calculate the unknown reaction forces (Egs. 1,2, 5,6)
Eq. (2): R, = k/2(2D,-2D,) = P
Eq. (5): Rg = k/2(-D3-D,+Dg+Dg) = 0
Eq. (6): =>Rg =0
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Lectures 5, 6 and 7

Introduction to approximate solution methods
In solid mechanics

1. Principle of Virtual Work (PVW)
2. Approximate methods based on PVW

3. General method for development of FEM-Eq.
based on the weak form (a generalization of
PVW, applicable to PDE:s in general)

4. Procedure for FEM-analysis with application
to uniaxial problems (trusses and planar truss
structures)
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Principle of virtual work

at equilibrium holds ~ 5A® = 5A()

virtual work of f t virtual work of
external forces internal forces

“Necessary and sufficient condition for equilibrium”

Uniaxial application (bar):

K,(x) force/unit volum
- > > > > — —» X

X=X1 L» U(X) X=Xo
du

Equilibrium: 9N+ Ak = 0 Compatibility: & = S
dx dx

Introduce an arbitrary variation in displacement du(x) from the

equilibrium pos. with a compatible variation in strain d& = déu/dx
u(x) + du(x) must satisfy geometrical boundary cond. & constraint.

Thus, du(x) = 0 where u(x) is prescribed

External forces {N;, N, & K} then perform the work
X

2
5A) = N,5u(x,) + N, (=8u(x,)) + [ BUK,A dx
J Xl

o our = [ o = ([ Moy
[N6u]x = Ide [NSu]dx = '[xl[d du + N Ix }d
— 5A®) = j (dN+KA)8udx+ N dedx éés
X

' de ‘LGA

= 0 due to equnlbrluml

Thus, §A®) = j o8eAdX = j s5c dv = A

internal virtual work
unit volume

Note! this is valid regardless the material behaviour!
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Illustration of virtual displacement in P.V.W

Example: Truss, rotating at a constant
angular velocity, .

% Theload, centrifugal force,
0 IS introduced as a body force

K, = poazx

e

oo d _ \ 2.2
Equilibrium: —(cA)+K.,A = 0
g dX(G ) X >:>G(X) — %(1_(92)
B.C. ox=L) =0

A
. “Internal”
External S » 3
“External” — | 2,2
p(ozL \‘ : po L /2
L X

L

aoae o du G\
Compatibility; — = ¢ = =2 2.3
dx e E >:>U(X) — &5(3_(92)
0

6E L
B.C.: u(x = 0) =

Study a displacement variation du(x) (virtual displacement),
around u(x), givenas du = asin(frx/L), a,B>0

= 0¢ = gIlf—ncos(an/L)

Internal virtual work:
. L
sA = I de(X)o(X)Adx = ... =
0

A|_2p0)20L(3|n B — 2[37: cosPm)
Bn
External virtual work:

e _ ("
SA®) = j SUX)K (A = ... =
0

Aszmza(sm Br — [237c cosfBm)
Bm
Thus, SA® = 5A® independent of o and B as stated by P.V.W.
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Approximate solution method
based on the Principle of Virtual Work

General features:

(i) Compatibility and material relation will be
satisfied everywhere!

(i1) Equilibrium will not be satisfied everywhere,
only in an average sense!

Computational steps (truss example):

1. Make an approximate ansatz (trial function), u(x), for the
displacement solution.

Requirements: u(x) must satisfy kinematic boundary con-
ditions & constraints.

A rather general ansatz is:
A priori unknown coefficients
to be determined

n

009 = do0) + 3 o0;()
j=1 . .
Fulfils kinematic B.Cg “Basis functions™ equal to zero at
& constraints boundaries with kinematic B.C.

2. Determine o by use of the Principle of Virtual Work (P.V.W.).
A convenient choice for the displacement variation (test
function) su(x) is:

n
ou(x) = Z Bidi(X), B; are arbitrary coefficients.
i=1
n

= 0e(X) = 3—5 = Z B;¢'i(x) (compatible virtual strain)
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Internal virtual v_vork X,
sAl = [ “8a09o()Adx = {

X1

~ du
G—de}—

n
= ZB j LEA 000 + 3 00i(x) | dx
=1 j=1
External virtual work y
(e) _ X2, 2 _
A = [SUCON], + j SU(X)K, (x)Adx =
X1

_ Xy X2
3 B{[d)i'\']xl : jxlcbin(x)AdX}

=1

Now, invoke P.V.W., which states that 5AM = 5A® should be sat-
isfied for arbitrary choices of ;. Hence, we obtain a system of n

equations for the n unknown coefficients o;.

n

j OEA 0600+ S 0y0'i(x) | dx = [9 N, j di K, (X)Adx

j=1

On matrix form this reads

All e o 0 Aln al bl
- =  solve for a
- ~ —
-/ |A ... A a ( \
\/ \\_ nl/ nn_ | n_ \_\n: /‘ -
\ - \
oAt N - ~

/ N , "
| ' EA’,dX | 2 , ,
l\jx O'nEAR X {[¢nN]X1+IX1¢nK Adx — j b EAY', dx|

________ o /
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Uniaxial example: truss with axial load

A linear elastic bar (E) is loaded by its dead weight
Ky=,9. Determine the displacement in the bar with

an approximate methods based on the Principle of
i virtual work (P.V.W.)

Boundary conditions: u(x=0) =0 & u(x=L) =0

«
>MY -
>

M _ [ X2 [ 2 (e)
PVW.:  3A" = [ "8soAdx = [NSul,” + [ “8uKAdx = 3A
X1 X1

- 2
Approximate ansatz: u(x) = Cot ClE + Cz(f)
withB.C.: u(0) =u(L) =0 = ¢, =0,¢, = ¢,

we obtain, U(X) = ClE(l_E) = &(X) :%g - C_Ll(l_ZE)

Choice of ou: ou = dE(l—E) = 0¢ = O:jixu = 5(1_2@

Hooke’slaw: o = E ;,(x) = E dﬂdxﬁ Note! the ansatz is used here!

Solution:

A = j:sgcAdx = Jii%(l—ZE)E%(l—ZE)AdX = d=he,

X
© — g4 [ 2gX(1_X _ 4RYAL
oA O+IX1dL(1 I_)pgAdx d 5

2
(i) _ (e) (EA _QQAL) _ _ pgL
0A oA ' =d _3LC1 5 0:>Cl oE

- L®x/, X o
= U(x) = p—ng—E(l—[) The Exact solution in this case!
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Development of FEM-Equations

— General procedure for physical problems
described by a PDE

FEMEq. |

(discrete syst.

Approximation \Of equat|onsj

of functions
(primary variables)

Strong form Weak form
(ODE, PDE) (integral form)

7

Example: Truss (1D)

T primary variable

T» u(x)

—> > > > ‘—»N = N(L) - (AG)|L

EC)AK) K (x)
|

u = u(0)

I | > X = (AEu,)|L
0 L
Strong form:
O.D.E.: i(EA@) +K,A =0 for O<x<L
dx dx X
Boundary Conditions: X = 0: u==dad (essential)
X = L: AEu’ = N (natural)
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Weak form (integral form, variational form):

1. Multiply O.D.E. and B.C. by an arbitrary weight function, v(x),
and integrate over the length of the truss:

(J‘Lv(x)[ (EAd—u) + K A}dx =0 (1a)
d X

~ I voO(N=AEW)]|, _, = 0 (1b)

| Suitable restriction for v(x) , choose v(0) = 0 (1c)

2. Integrate the 1st term in (1a) by parts, i.e. lower u™” to u”:
L

L
d du B du dv du
:Jv(x)[dx( y de [V(X)EA }0 dX(EAdX)dx
0 0
Inserted into (1a) gives

L L
gVEguAdx = V(EAU)|, _, —V(EAU)|, _ o+ [VK,AdX
0 — — 0
= N (1b) = 0 (L)

Weak form, definition: Find u(x) among all admissible func-
tions that satisfies the essential B.C. (u(0) = @), such that

dx dx

L L
dVEduAd - {(VN)L( Lt IvaAdx} = 0 for an arbitrary

0 0 v(x) with v(0) =0

WEAK FORM <« STRONG FORM

PHYSICAL INTERPRETATION = PRINCIPLE OF VIRTUAL
WORK
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FEM—Approximate solution of weak form
The discretized system of FEM-equations results after choice of
 Approximate solution ansatz u(x) (trial function)
» Weight function v(x) (test function)

Piece wise continues functions are used in FEM, i.e. the geometry
Is divided into elements connected by nodes.

eg. piece wise linear fcn.

N ) node value
U T o

nOde e\emeﬂt -

u(x) and v(x) must satisfy the conditions:
(i) Continuity across element boundaries,

(if) Completeness, i.e. the functions themselves and their deriv-
atives up to highest order appearing in the weak form
must be capable of assuming constant values.

(i) and (ii) are necessary conditions for convergence

u(x) > u(x) when 1,—0

Exemples on completeness in 1D:
U=cy+cx = U =cy = const,ie OK!

~ 2 ~ .
U=CytCXx = u' = C,X # const., I.e. NOT OK!

(remedy add the term c4X)
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e Approximate solution ansatz function u(x):
Formulated by use of shape functions, N, and node values, u,,

of the primary variable.
A shape function, often a polynomial, is expressed as a function
of a non-dimensional position coordinate in an element.

E.g. uniaxial problem with linear shape functcion

/~ Shape functionsci/—\‘
I e

g U(g) = Ny(&)ug +Ny(E)u,

= ]\§ No=
_ Uyl _
£20 =t Mg [Uj "

An approximate solution function based on a polynomial of degree

n—1, requires n nodes, i.e. one node for each coefficient in the poly-
n

nomial, giving the interpolation: u(&) = Z N,u, = Nd,
1=1

Properties of ape o of node\f e 3
shape functions: '/ FCOOVG‘“&QO
1if 1 =1
i N — 8 =
O NED =00 =10 4 14

(i) Z N, =1 (do not apply to problems with

|=1 rotational d.o.f., e.g. beams)

* Weight functions v(x):
Choose piece wise fcn. with the same interpolation as chosen

for u (Galerkin’s method).

E.g. uniaxial problem with linear shape functcion

V(&) = Ny(8)By + Ny(8)B, = = [Ny N, [E 1] = N,
2
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Assembly of all n elements => FEM-Eq.

Node number: 1 2 3 m-1 m
(@ @ s @) S s s ) S @)
Element number: e €5 en
DOF =z = | raillire
(degrees of Dy D, D3 D Dm_1
freedom)
| X
X1 [\ X2
caly
: - - - oW e
Ansatz fcn. & weight fen. D, ‘! B, 206“\0\6“
U= NgD D, B,

T\ T _
v=NgB =B Ng D =

Cj/ Pm-1 e P -1
Note! contains shape fcn. D n B
m

for all elements! -

.

.. ~ dN dN
Derivatives: U - 26~ _ dv _ oTHNG _ oToT
dx dx D = Bgh dx dx B Be

Inserted into the weak form gives the system of FEM-Egs.

. . ) _
X2 X9
X9

B'|{ [ BGEBGAdX 1D —{ [NgNI,, + [ NgK,Adx

I
o

/\

L \Xl J L Xl _
\_ _/
e —_—
K F
Stiffness matrix External load vector

Global displacement vector
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This can be written as _Eq. 1_
Eg. 2 m equations
= [Bl B, Bm} =0 for m unknowns!
Eq. m

Since all B; are arbitrary, every single one of the equations must
be equal to zero. Thus by the arbitrariness of ; we obtain

[KD-F] =0 <« KD=F

In practise, K and F are evaluated by element wise integration, i.e.

1 n
X9 X9

K = [BgEABgdx + ... + [ BGEABGdX =

1 n
X1 X1

n

. ZU:BTEABIedF,} = Zn:Ke

e=1 e=1
Point forces acting on

Volume forces <' nodes enters here!
n n

1
;
F=3y U N KXAIeng +Fg = Y [Fpl, +F
0 e
e=1 e=1

Summary:

K is obtained by summation of all element stiffness matrices

F is obtained by summation of all distributed loads acting on
elements and all forces acting directly on nodes.

This sumation procedure is called the assembly procedure.
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Summary: FEM-analysis of trusses (1D)

1. Discretization: divide the truss in elements & nodes and
use a simple displacement interpolation in each element!

element elastic modulus
area~ ¢~ ,—element length

2. Calculate element matrices, given A, E, |, (here constants):

f shape
functions v\'
11/\/]Q1\§ Nzﬁﬁ u(x) = J[uj = Nd,
= 2 TE 00 = G N = {_Tl ﬂd
}—» Uq, fl HUZ, f2 N ° e/
1 B
= [B'EBAIdz = E—A{l ‘1}
Ie -1 1

0
1

fy = [N'KAldE = {
0
3. Assembly: Stiffness matrix & external load vector

Example: }_ Algl gy+09,/3
Ky = do* 038 Qg +20,/3

K= ZKE‘ = ZFb+FS acting in
e=1 e=1 nodes

4. Introduce B.C. and Solve Eq. System: KD = F

5. Evaluate the results: (e.g. stresses)
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Example:  [—--——- - = :

E,A x=L
X=0
- PL x, OI0 (X L)Z)
Exact solution:  u(x) = EA L L 2
du _ P
c(X) = de A qOL(l—[)
FEM solution (one linear element): :
K =k, EA{l _1} Reaction-
O O - L |_ force
~ D ~ D AL e )
b ~ s~
2 1 P

Eq. system (Dl =0 =>remove row 1 & column 1)

L i|. 1 2

D, P+ALq0/2 EA  2E
ALq0
Eq. (1) R = —( Dy)-—5— = -P-ALqq

Evaluate the result!

2
~ D, _ X PL x CIoL X
400 = [Ny Ny [Dj =0 P T EAL T 2E L

Approxi-
X - Exact mate

kq
ool

N GolL
2
2

+
o O
o O
[
| >

N
/
J

>0 >I1T
+

>0
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Example cont.:

Displacement

0.5 _

- —
—

W

—

x\ 4 element (N = 4)
\\.2 element (N, = 2)

1 element (N, = 1)
0.0 1I.O>X/L

{5
Stress meash

A°/(dL) f of ex1"

5(0)-o(0)| = 50 o
c(0)

5(0)~5(0)] = 95 0
c(0)

5(0)-o(0)| = 195
5(0)

Element length ~ 1/N,

Error = -Z—h—— = log(Error) = —1log(2)-1log(N,)
€

“Linear” convergence in stress! — a coincidence?
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Higher order truss elements in 1D

(see text book pp. 87—88)\ ot by @ Element
. e
jon in an € sional)
ipe the pos! on-dimen | | —¢
Deizrr‘a\ coordinate ¢ -1 0 1
nal

Approximate displacement interpolation — a polynomial of degree n
~ n
uig) = ap+a&+...+a.g

Express using nodal displacements d; & shape functions N;
To determine the n + 1 coeff. a;, n+ 1 nodes are needed

= U(E) = Ny(&)d; +...+N_, 1(&)d, ,; = Nd,

Features of shape functions: (i) Ni(ﬁj) = {1 I :.J
0 I # ]

(see text book pp. 41-52)
(i)  Ny+...+N,,, =1

Lagrange interpolation satisfy these requirements, i.e. the shape fcn.
at node k (position &= &) can be determined as: N, = IE(&)
i=n+1
N\ _ (&-&)  (€-81)...(E=&_1)(E—-E11)---(E—Cpiq)
k(&) = H = = — — — S
(E—&)  (E=S1) (S =C_ (= Eks1)- (S —Cns )

i=1
I =k

EX.: quadratic element (n = 2), with nodal pointsat: £, = {-1,0,1}

N, = 175 2z) = E-0)(E=-1) _ &E-1)
Node 1 Node 3 Node 2 1 k=1 (-1-0)(-1-1) 2

=2 E=(INE=0) | EE+D)
T T R SIS ) ) A

72 o ECINED)
e N E R
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Procedure for FEM-analysis of truss structures

1. Discretization: divide the truss structure into elements &
nodes and use a simple displacement interpolation

in each element! 100
ges s

s\ o© ((\Om
X a(\sﬂ\

I i Ik

/ i
element $ \/ nodes

v

elastic modulus

area~ ¢~ ,—element length
2. Calculate element matrices, glvenl | (here constants):

shape
Kfunctlons v\
A
1Y Sl N2 o) = J[uj Nd
S 79—>§ g(x)_%_iNd:_—lld
&=0 &=1 dx dx © I, 1| €
— U1, fl }—»Uz, f2 \ )
1 B
= [B'EBAIdE = EAIL -1
le |-1 1
0
1
Example: Al,| q,+0q,/3
.
fy = [N KXAIed%,:{K o i} e T
" x — o™ o +29,/3
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3. Transformation: local {x,y} — global coord. syst. {X,Y}

F, = Tf,

2. 1.m 12 —l.m
12 12''712 12 12''712

2 2
T EA|I,.m m —1,.m -m

K — T keT - = 1277112 12 127712 12
le | 22 2. 1.m

12 12M17 12 12M1

| ] :
| “lioMyp —Myp 1ipMyp Mgy

4, Assembly: Stiffness matrix & load vector

Ne
K= ZKG = ZFb+FS acting in
e=1 e=1 nodes

5. Introduce B.C. and Solve Eq. System: KD = F
6. Evaluate the results: (e.g. stresses)

5(x) = E&(x) = EBd, = E(—l—J—Z—I—_—u—l—)

€
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Lecture 8 &9
FEM-EQ. for a Beam

force / unit length

e R

%

u(x) >
X=X1 Ke()— %= X2
force / unit volume Cross section: 1(x), A(X)
Material: E(x)

Strong form (local form):

Equilibrium: T' = —q ) “Truss Eq.”

M' =T (EAU’)' +AK, = 0

N' = -K,A }
=
“Beam EQ.”

Constitutive M = —-Elw” O.D.E. (Elw")"-=q=0
relations: N = EAU’

o

Boundary Conditions:

gro® w=w or (Elw") = -

W =W or Elw" = -M

d2W

dx*
Requirements on the solution: the deflection, w(x), and its

derivative, dw/dx, must be continuos functions

ol

curvature:w” =

—81(9) —
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Weak form (variational form, integral form):

1. Multiply O.D.E. and B.C. by an arbitrary weight function, v(x),
and integrate over the length of the beam:

( X2
j VOO[(EIw™)" —g]dx = 0 (la)

X1
VoM +Ewn[, =0 o)
[V(X)(T+(E|W")’)]|XNRV =0 (1c)
| Choose v = 0 on boundaries with essential B.C. (1d)

2. Integrate the first term in (1a) by parts twice, i.e. lower w' = w”

X, X2 X2 2
use [vf]x1 = I [vf]'dx = j v’fdx+j vf dx
X1 X1 X1
X2 X2 X2
j V(EIw")"dx = [v(EIW")’]Xl—I V' (Elw")’ dx
Xl Xl
X

= [V(EIW")'],’ - {[v'(Elw")]if - Zv"(Elw”)dx}

inserted into (1a) gives .
X2 X, X,
j v”EIw"dx+[v(EIW”)’]Xl—[v’(EIW")]Xl—J. vadx =
%1 — — *1

v(-T) Eq.(lcd)  v/(-M) Eq.(1b,d)

Weak form, definition: Find w(x) among admissible functions

that satisfy essential B.C. (w = W, w’ = W'), such that
X2

_ X, _ X, X2
j V'Elw"dx- [vT]Xl—[v’M]Xl+j vgadx

X1 X1

for an arbitrary v(x), with v = 0 on boundaries with essential B.C.

Thus, the approximate displacement interpolation (deflection), w(x),
and the weight fcn., v(x), must be twice differentiable!
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FEM-Eqg.—divide into elements (discretization):

at Iea ta
deflec-
tion
X
node generalized
node displace-
ment vector

““shape functions”»\‘ {\J

Displ. interpolation in each element:  w(x) = N(x)d,

Weight function (Galerkin): v(x) = N(X)B = BTNT(X)
arbitrary vector
2nd order w”(x) = N"d, = Bd,

derivatives:
; o T s T _ oTeT
v'(x) = B (N") =B B

Insert w(x) and v(X) into Eq. (3):
T (2 ,T Tl n T 2
B j B'EIBdx |d, = B'|[N'T]x,—[(N")' M1y j N qdx
X1
Shorten with vector BT => FEM-Eq. for a beam element

D B EIde} {[N Tlx, — [(N)' M1y j N qu}

- Z g
Stiffness matrix “— Displacement Load vector
nxn vector nx1

nx1
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2-node beam element
(3rd order polynomial for the deflection)

1 2
wy, Py Wy, P, Element length: 2a
M Moment of inertia: |
61, My 65, M3 Elastic modulus: E
| | .
| | =g -
-1 0 1 W,
> 01 p 1 dN
W(E) = - - 4N
N(&) 6,
: ——
Shape functions: d,
1 3 1 2 .3
Ny = 7(2-36+¢7) Ny = 7(1-¢-¢"+<))a
1 3 1 2 .3
Ny = 7(2+38-87) Ny = 7(=1-C+5+C)a
1 1= , 1 1=
Note that! N.(&:.) = N'(E.) =
(&) {O (&) {O -
fori,j = 1,3 fori,j = 2,4
1 —
NN
T\ 1
L\
05 | dN,
- dxs .
| \.”
» .7\
0~
05 L+ -
-1 0 1
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Shape fcn. inserted into the weak form gives the FEM Eq

- 1 . Pl 1 Nl
EL [ nm T M N
= | (NTNdeld, = | T va ] 2ace)de
a P, N3
;1_\#‘2 My TN,
. o
e fe = fS + fb
Element stiffness matrix: . _3 3a -3 3a_

2 2

K, = E—?I"[(N”)TN”d& _ E_l3 3a 4a” -3a 2a
a 29" |-3 -3a 3 -3a

-1

3a 2a2 -3a 4a2_
Element nodal force vector, contribution from distributed load:

e
, , INw®)
N, (S)
f, = a[Na@ds = af | 2>]q)dz
N3(S)
-1 -1 N (£)
Example: - 4 -
[TT 1" et ] écﬁ
I > | | > |
—1 0 1 d -1 0 d -1 O 1
2
1+
=q(c) = qo+q1( )+q2(7§)
9 | o J«—force
aq aq
PR a/3 'l 4al, 2| a
Nodal force vector: f, = aqg . + 30 | o1 + 5| g
—a/3| —64| —23 moment
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Repetition
FEM-analysis: Computational steps

1. Spatial discretization: introduce nodes (D.O.F.) and
divide the structure into elements (pre-processing)

2. (a) Calculate the element stiffness matrix, ki, and
the element load vector, fy, for each element

(b) Coordinate transformation: local-global
T
Ke = TKk,T
T
F, =T f,

3. Assembly of all element (total number = N,)
stiffness matrices & load vectors

. i

_ _ Point forces
K= ZKG F = ZFbH:S acting in

e=1 e=1 nodes

4. Introduce boundary conditions & solve equation system:
KD = F

5. Evaluate the result (post-processing)

* Reaction forces, cross section quantities, etc.
* Stresses
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Example: Cantilever beam

Q =aq=Q/(2L)

x=2L T 7T

Deflection (exact solution): o B et

W(x) = 6E| L) L)? 0.751" &- - Two element _
iy’
2E|
3 2 3
L4
El \2 6

1.25——1——1 5
0 1+
24T Angle (slope):
EQ_ELI }O 75 d
W
[ 0(x) =
0.5 dx
i — Exact
0.25 O - Oneelement -
¢- - Twoelement |
R R R
0.5 1 1.5 2
X/ L 0.25 e S
i ,f
M Of 3
QL [
Bending moment: -0.251
dw i
M(x) = -EI=—; 05k
dx i — Exact
-0.75 O =: One element —
== Two element _
-1 | ] | ] | |

0 0.5 1 1.5 2
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Truss/Beam problem: Features of FEM-solutions
Consider FEM-solutions based on 2-node elements:

Wy, Py Wy, Py
— — Beam
ug, fy Up, T 61, My 6, M,
T _ T _
d, = [ul uz] d, = [Wl 0, W, 192]

For cases with constant tensile/bending stiffness (truss: EA = const.;
beam: El = const.) the nodal displacement vector will be identical

with the exact solution.

Reason:

1. The approximate displacement interpolation satisfy the homo-
geneous solution of the differential equations of the problem

Truss: (EAU’)" = 0 = Uu(X) = cy+CyX

2 3
Beam: (EIW")" = 0= W(X) = €5+ CiX+CyX +C3gX

2. A distributed load is replaced by consistent nodal forces, which
gives an equivalent problem regarding nodal displacements

“Equivalent Problem”

Q (total distributed load)

j‘_u_f_u)i‘/f ’ ual 40y

El, 2L El, 2L
L
: STV
5= ‘et 2 3 0 2 3
I oo™ oo _8PL° _ML° _QL’
g = 2QL° O 3 EI2 El EI2
3 El _ g=oPL oML _20L

El El 3 El
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Evaluation of normal stress, o

E,A L
(bar) % 0T
171 2172 v//Q~——Shape1=(:n.fortruss (1x2)
c = Eg = Egg = E—(Nde) E%Nd de

where B = [B, B, = H ﬂ

W1, Pl Wy, P2
E, I, 2L
o, M, b, M,

| | L= & (dE= dx/L)
-1 0 1 L 7

Z et

X >> | —» O
—_— EIWH -

ax{e
Shape fcn. for beam (1 x 4)
_ M, " -
Omax ~ | max - maxIW | Ee max|Bd

3¢ (3-1) -3¢ (3E+1
where B = [B, B, B B,| = LL%( é2L )2?( x )}

= Omax ~ Eemax|Blwl + B2‘91 + B3W2 + B4‘92|

—89(9) —
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Lecture 10
In-plane frames (beam structures in 2D)

An introductory example ...
“Flexible ring”
Stiffness: k =P/o ?

Modelling?

Analysis method?

Modelling: utilize symmetry!
=> enough to model 1/4

Possible analysis methods:

1. Energy method, w(Q)

k=p=Q__0Q
o6 q oW/(0Q)

2. FEM, planar frame (2D)

—10.1 (10) —
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1. Energy method:

(i) free body diagram (introduce reaction forces
& identify static indeterminate quantities)

(i) cut (determine the moment in the beam)

“Slightly curved planar beam”
Bending stiffness = El if h <<R!

Hg= 0 (Equil.)

Q (external
force)

o AMa ]
Ha=0 (R.V.) %ﬁ
Va= Q (Equil.)

Equil.: Mp + Mg —QL =0 => 1 static indeterminate!

Equil.: M(¢p) = M, -QR(1-cos(¢))

Complementary elastic energy:
/2 5
T M(o)

W= 2] U0

0

Castigliano’s 2:a theorem:

oW (r—2)
—_— = = R
oM, 0=>M, =Q -

_ oW _ QR’(n’-8)
9250 T EIl sx

—10.2 (10) —
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2. FEM:

Discretization:
divide into nodes
& elements

Wy Model by use of
combined beam-truss element

0, with 3 degrees of freedom per node!

—10.3 (10) —
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Combined beam-truss element

Wo, o, Utilize that the defor-
_»X  mation due to tension
Uy, foy  and bending is un-

global

TZ coord.
X

2 coupled for a straight
beam!
\
] M \» i |
Oy, Myy Totally 6 D.O.F. uy
o A,
Deformation in P
bending: - b b b b 1y
9 w(g) [0 N;(€) N(€) 0 N3(&) N4(i)J 0,
) _ - o] W
00 000 O 0 ol LGy
03 3a0 -3 3a TS I e
b _ EI|03a4a” 0-3a2a°| b _ M N
K= = fo=| Ml+a| *a@de
3 €
22|00 0 0 0 O 0 0
0-3-3a0 3 -3a fo, -1 Ng s
u
0 3a 2a° 0 -3a 4a” M,, o |
L oA _N4_ W,
. . 0
. — |.d d ly
Deformation in tension: ucg) [Nl(ﬁ) 00 N(&) 0 o} ,
Wy
(1-¢)/2 (1+§)/2 Oy,
_ - m ] d S
100-100 F1x Ny
000000 0| 1
281100100 oy i
000000 ol 1 02
1000 0 00 0 0

— 10.4 (10) —
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Total stiffness in the local coordinate system:

Element stiffness matrix:

k, = ki + k> = ] ]
0. 0..0 00 O
. “3El 3EI%, 3EI 3EI
EATg g BAool 1% D205
' 23" 23 128 2a’:  2a 2a
"% 00 0 00| |[pi3El 2Eli, 3El El
_/ 000 0 00,|. %" &7 2a° & |_
J1_EA GG EA g/ /0 0 0 0 0 0
/| 2a 2a | |o _SEl _3El 4 3EI _3EI
0 00 0 00, 2a°> 2a° 22 2a°
\“ L 0 O O O O O_ ’, O §-—E-—I E—I O _§-—E—I 2___'
\‘\ ’/ B 2612 a 2612 a |
FEAY [, _EA
“29':'_(1__Y_0_.~_23 0 0
o + &l SEl P o _3El 3_52|
1 2a 2a ¢ 2a 2a
0 ?;E_zl 2E| H 0 _3_EZ| El
_ w2ac & 2a°~ @
EA AaEEmEmEE> \d EA
—2 0 0 == 0 0
0 _3_E?: _SEl 3_E:: _3_52|
2a  2a 2a° 2a
0 3E2| El o, _SEl 2El
] 2a° @ 2a° 2 |

Element load vector:  f, = fg + fg

—10.5 (10) —
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Transformation: local —> global coordinate system (2D)

Given Dy, determine u, and wy:

Given D,,, determine u, and wo:

_ _ L4
= COS¢,, = oa - Sihe

u X, =X
{Xs, Z,} /2 m, = coSg,, = 22a L = cosg

:>u2 = DZme9 W2 = DZZmz

In total U,| _ |Dydy+Dym,| |l m||D,,
W2 D2x|z + DZZmz Iz mz D22
With rotation - - _ S - L
(O = Oyy) "2 l, my Of Doy cosg sing 0| |DPax
Wo| = |1, m, D,,| = |-sing cosg 0| |D,,
Oy 0 0 1]| by 0 0 1 0oy ]

—10.6 (10) —
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Contributions from

the two nodes gives: /= T~~~ 77 ST
I !
S r———n _r - |
gl 1,me0l0 0 0f|Dix |
wi| 11, m,0'0 0 0Dz v
o) _ 1

u,| |0 0 0l ,m, 0D,y
w,[ |0 0 0l m, 0D,
0 000 0 1|6y

0 01'000|%| _1p. T_[Tz 0]
) O =TD,, T =

TT =T T=1 unit matrix, dimension 6 x 6

Equations in global coordinate system (2D)

Element stiffness matrix in
local coordinate system

de = e
=f, = k., TD, T
fo = Kdg r=>F, = T k, T D,
T \_W_J
Fo=Tf K,

e
(ETe;ent stiffness matrix In

global coordinate system

—10.7 (10) —
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Frames in space (3D)

» Assume that the principle axis of the moment of inertia of the beam
are oriented along the local y- and z-axis, respectively. The deflec-
tions due to bending {w(x), v(x)} are for such a case un-coupled.

* In space, bending around the z-axis {v,, ,,,v,, 6,,} and tor-
sion around the x-axis {d,,, 6,,} must be considered. Thus 6

D.O.F are added and in total the element contains 12 D.O.F.
« Denote the moments of inertia as I, and 1, and the polar moment K.

Bending around
Z-axis:

(analogous with

bending around y-axis) 61z, My, g
0
A
Torsion around the x-axis is un-coupled from all other deformations!
X
[ Ofpo\\,\% —>  Torsion is analogous with
ion!
W 2 tension!
1- 1+ 0
N 0.8 = {( -4) ¢ Za)Mlx]
\ —_— —\— 92x
S | HERE
Relation between rotation )
. a
and torque: O2x=01x = GMax
Shear modulus \/4
local element- v GK[1 1 moment
stiffness matrix ¢ 2a|_q 1

— 10.8 (10) —
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Total element stiffness matrix in the local coord. system (3D)

d

T
e

up vy Wy 6 6y 0y

N O A

EA 0 0 0 0 0
2a

3EIZ 3EIZ
—3 0 0 0 —
2a 2a
3ElI 3ElI
0 ——-ZY 0
2a 2a
GK
oa 0 0
ZELY 0
a
2EIZ
a
SYMMETRIC

Uy Vo W, Oy 06y ‘922:|
_EA 0 0 0 0
2a
3E| 3E|
0 ——= 0 0 0 ——22
2a 2a
3E| 3E|
0 0 - 0 - 0
2a3 2a2
0 0 0 —92-;5 0 0
3E| 2E|
0 0o -——3 0 —Y 9
2a a
3E| 2E|
0 -—22 0 0 0o ——1
2a a
EA 9 o o o o0
2a
3E| 3E|
__Z 0 0 0 _Z
3
2a 2a
3EI, ) 3E| )
2a3 2a2
GK
2a 0 0
2E| )
a
2EI,
a

—10.9 (10) —
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Transformation: local —> global coordinate system (3D)

d =TD
e e
- - 7T . 6 D.O.F./node
Uq Dix Dgi_s ] .
D D 12 D.O.F. in total
Vi 1Y 614
Wy D,y Dgi_3
0« 01 x Dgi_2 ) )
‘91y O1y D6|—1 T3 O 0 O
O 6 D 0T, 0O
d, = 12| D, = 17| - 6l | T= 3
Wy D,; Dgs_3
O, % Dgj-» L mon
Oy Oy Dgj-1 T. = IX 7
o . D 3 y my ny
| 024 | Ooz] | Pey | Lmon
'z Mz T

direction cosinesJ

The 3D —transformation matrix is orthogonal

T

TT =717

T =1 unit matrix, dimension 12 x 12

Equations in the global coordinate system (3D)

d, = TD,
1:e:kede = F,=K_,D

e e
_ T
Fo = Tf, if» Ke = TTkeT

—10.10 (10) —
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Lecture 11: FEM for 2D/3D Solids (continuum)

K,(x) force / unit volume
1D: 1 f\ ' Ny
- > > > > > — —»X
X=X1 L»u(x) X=X2
Weak form < Principle of Virtual Work

Weight function v(x) — du(x) Variation from equilibrium state
(“virtual displacement”)

Internal Lo~
virtual E / - T Ty TS External
work d& odV1={3u N]Xl+j8u KydV Jvirtual

R b?/: et work
~
SW' (internal work / unit volume)

t, Traction vector
acting on the surface, S,
ty of the solid

t [force / unit surface]

Body force
acting in the volume, V,
of the solid

‘6 [force / unit volume]
u=ul = |v Displacement vector

U W The quantities {u, t, f }
are all functions of x, y, z

Principle of Virtual Work in 3D:

e
Jow'av = [ sultds+ [ su'f,dv
Vv S Vv
S_ )
N —

Internal Virtual Work External Virtual Work

—11.1(9) —
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Multi-axial stress- & strain states

The Stress matrix, S, defines the

stress state in a material point EN
r . O,
yy
Oxx Oxy Oxz
S = |o,, 0, O c = |7%
Xy 7Yy “Yyz o
Xy
O, O,, O0,, O.
\yy L ~X2 Tyz Tzz] o,
Oyq]

vector form -

Normal strains (change of volume):

A /-;//\\//,~——-\\\
y sl 2T b _ oV _ow
o] {\gxx_a_ gyy_a_/\ b2 = 5
X Ay : \\\\x ///y/ Z
Ax | Au
AU Shear strains (only change of shape):
Au 5 - T T~
f o TAV T av, du _aw, du
/ 1 \ Ty T ox oy - "z = 3x T oz
! |1 A - _ -
o _aw, v
| _ -~ TrAv ve = 5y " oz
AX

. . T _
Stored in vector form: &' = [gxx Eyy €22 Yxy Yxz vyz]

Change (virtual) of internal work / unit volume
OW' = 3¢, 0, + 0gyy Oyy + 88,,0,, + Yy, Oy + OYy, 0y, + 8y, 0y,

—38W' = dg'o

—11.2(9) —
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Constitutive relation—Ilinear elastic material

[e]

1D: ¢ = = oralternatively o = Eg o
- \/Elastlcny module
(Young’s modulus)
3D: Example: isotropic linear elastic material
Poisson’s ratio
Oo,, — E
XX T (1-2v)(1+ V)

+ve,,] o, = ... 0, = ...

[(1-vV)e, + Ve vy

yy

Oyy = nyy Oy, = Gy, Oyz = nyz
MShear modulus
Matrix form:

Oxx Ci1 Cp Cypp 0 0 0 Exx
Tyy Cyn Cyy Cpy 0 0 0 Eyy
071 — C12 C12 Cll 0 0 0 12
Oyy 0 0 0 (Cyy—-Cyp)/2 0 0 Yy
Oy, 0O 0 O 0 (Cy1—Cypy)/2 0 Yz

.

o) C ﬁ g
E(l-v) Ev Elastic

C = = .
L (@-2v)1+v) 12 (1-2v)(1+v) stiffness
matrix
Ci1-Cypp _ E -G
2 2(1+v)

Change (virtual) of internal work / unit volume

SW' = 8e'c = 8¢ C¢

—11.3(9) —



FEM for Engineering Applications / J.Faleskog

Compatibility
(relation between displacements & strains):
ou 0
OX OX 00
] oV 0
€ - —_
XX ay 0 3y 0
€
yy
_ e %V—V 00 58— u
Strain: g = | % = | = Zlyl = Lu
Yxy ou , ov 9 9
v oy OX oy OX W
Yl Jou,ow |2, 2
Yyz 0z OX 0z OX
ov , ow 0 2 92
0z 0y 0z 0y
Partial —

differential operator b/—> L u

Principle of Virtual Work in 3D can be formulated as

with §6W’ = 56" C& = 5(Lu)'C (Lu)
DN

. s T R
we obtain jés(l_u) C (L

wdv = [ su' tds + | su' f,dv

3 S
-

Internal Virtual Work External Virtual Work

Equilibrium can also be expressed by use of the L-operator!

0o 0o, ooy,

Air - Xx . ZOxy +f =
x-dir..  — ot 0 )

0o, 0o, 00,
-dir - Yy Xy yz = T + =
y-dir: e e g, = 0 } —Lo+f, =0
] 8@2 8qa aoﬁ
- - + -
z-dir. 52 "o T oy f,=0 |

—11.4 (9) —



FEM for Engineering Applications / J.Faleskog

Approximate displacement interpolation in 2D/3D

 Divide the solid into volume elements (N, = number of el.)

» Use “simple” displacement interpolations in each element by use
of shape functions

 Itis convenient to use the same shape functions for the displace-
ments in all three directions: u, v and w. If the element has ng4

nodes, only ny different shape functions are needed

Ex. 3D element LZVG
with 8 nodes . V Ug
= Z s
(ng = 8) Displace-
ments

The displacement in the element can point wise be described by
the nodal displacements and 8 shape functions as:

U(Xa Y, Z) = N]_(Xs Y, Z)ul Tt N8(X9 Y, Z)u8
V(Xa ya Z) = N]_(X> y) Z)V]_ Tt NS(X: y: Z)V8

W(X> y) Z) = Nl(xa y: Z)W]_ Tt N8(X9 y) Z)WS

Uj
Displacement vector Node 1 Node 8 |,
on matrix form: —r —— | Nc?del
uxy.zy]  [Np O 00 INg O oM 1
e o °
U= 1v(x,y,z)| = |0 Ng Oi“'i 0 Ng Off-
wW(X,Y, 2) 0 0 Ny 0 0 Ng y
- — |18
3x1 \J—T\/ Vg| ~Node 8
3x3n, = 3x24  L® .
X nd = X -
: — 3n,x1
Displacement vector of the elementvde d24 1
= X

—11.5(9) —
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Strains evaluated from the displ. interpolation:

Nodel. . « Node8
o . N, o o sy g _
= 0 0 Ox L o .
Eyy 0 a_y 0 0 a—y 0 | | 0 En 0 2
W1y o 2l N [
€22| _ 0z vl = LNd, = az! | oz || °
w22y Ny ANy " oMy |
Yor oz oy 01 ayi | 01 0y ||ug
9, 0 . .
My 37 ° Bx N, N, |% 0 ONg| | vg
QYQ 0z OX . 02 OX Wy
e |20 ONy ON, | langaNg  |F T
e X S w0 iy x C
L u — — —
6x3 3x1 B=LN de

6x3ng = 6x24 3ngx1=24x1

The strains can be expressed on the compact form

e = Lu=Bd, = [B, Bg]| | = Bidi+ ...+ Bydg
63 dg| Nodel Node 8

A change (virtual) of strains are obtained as

T T

5¢' = 8(Lu)' = 8(Bd,) = &d, B

—11.6 (9) —
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FEM-E(. derived by the Principle of Virtual Work:

_t_
X
t Internal Virtual Work
y .
tZ
- ISST C edV =
V

= [ ou' tds + [ ' f,dv

S oo

——
External Virtual Work

FEM-E(. for one element:

T\f“arbitrary”
SdZUBTCBdV}de = SdeT[I N'tds+ [N', dv}

\% S

e e e

force force
unit surface  unit volume

“B CBdV} UN tds} “NTfV dv}
Ve Se Ve
Element k s + ]
stiffness matrix S\> © -
Element load vector ’j\ fe

FEM-EQ. for the solid (sum up the contributions from all elements):

E.g. left hand side:
j()dv_j()dv+ j()dv_zk_K

\Z1 e=1 /g
Stiffness matrix for the solid

—11.7(9) —
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Plane problems (2D)

Plane strain (*thick” structures):.

w = 0, Q( ) =0 (independentofz)  AY -
0z —
e
jgzz:yxz:yyzzo _
] X
Remove column/row 3,4 and 5in C
L 1 v 0 L
XX (1 - V) 8XX
_ __EQ@-v) v
o T @+vd-2v)|a-v T % |[%w
(Oxy| 0 o (1=2v) Vxy
i 2(1-v)|
Plane stress (“thin” structures, e.g. sheet metal):
CYzz:csxz:cyyz:O a
—~¢=Clo T y
Remove column/row 3, 4 N/
and 5 in C™L. The plane stress |
elastic stiffness matrix is then
obtained as the inverse to the
reduced C~-matrix. ] 1y o [, ]
XX XX
s | = E (v 1 0 ||,
Moa-vhl, o a=wl|”
©xy] I 2 | Yxy]

—11.8(9) —
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Anisotropic Materials

E.g. Orthotropic material—plane stress (4 mat. par.)
Xo A composite with two sets of fibers orthogo-
nal to each other:

Two different elastic modules in the plane
E,, E; and one shear module G15.

One independent parameter that describes
the lateral contraction as

(5 additional parameters in 3D: E3, G13, Gy
and two contraction parameters)

Yo

Description in the local coordinate system x;—Xo:

€= |ey| = |-vi,/E; 1/E, 0 ||oy| = SG
V12 0 0 1/Gyy| | 12|
E; V1B,
0
B B _1 1-viove 1=viovy
= o=Ce¢ where C = = vy E, E,
0
1-viovp 1=vyovy
0 0 Gy

Transformation to the global coordinate system x-y:

_ i
o=lo & o=l G}:m: L% =L Ce = LCL "¢ = Ce
e= L IS TN
i i i et
where c2 32 2CS 02 52 —2CS ¢ i Cf)S(p
S T A E T ISEqs. TZ?P 1.18, 2.21
—cs ¢s co -5 cs —cs ¢°—s” &222inH.S.

Note! In a FE-analysis, also the principal material orientation, ¢, must be
given as input in addition the material parameters: E;, E,, G1p & vy,

—11.9(9) —
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Lecture 12
FEM-elements for plane problems (2D)

“Constant Strain Triangle”-Element

V3

Displacement interpolation (linear): 1 -

u = |:U(X>y)j| — [Nl 0 N2 0 N3 O] U,

V(X,Y) 0 Ny 0 Ny, O Njj|v,

U2 U
N Vs

Shape functions: T

€

1
N, = Z_Ae[yZ?’(X —X5) t Xz0(Y = Y5)]

1
N, = ZA';[Y31(X—X3) +X13(Y = Y3)]

1
Ny = Z_Ae[ylz(x_xl) + X0 (Y= Y1)

where A, = area of element

Strain: e = |g,| = Lu = LNd, = Bd,

yy
Vxy,
Nodl Nod2 Nod3

B B B
ON ON ON 1 2 3
—1 0 —= 0 = 0 T
OX OX OX 0 0 0
ON ON ON g [ 7 e T
B = 0 a—yl 0 5_)/2 0 8_)/3 = ET‘\: 0 X32 0 X13 0 X21
N, ON; 8N, AN, N5 ON, a2 Y23 %13 Ya1 X1 Y12
|0y Ox 0y 0x 0y Ox_ Note! constant matrix!

— 121 (7)—
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Element matrices/vectors: CST-element

Element stiffness matrix: ,«\-\c\d\ess

B;CB, B,CB, B;CB,
T T
e = J.E3 CBdvV = h/\eE3 CB = h/\e E3;(:E31 E3;(:E32 E3;(:E33

k
< v - 8/CB, BICB,/BICB,|
6x 6 S\jmmemc‘. N\, |B3CB1 B3CB, B3CBy|

2><2—\_§

Elastic stiffness matrices in 2D

v i} _
1 (1-v) 0 1 v 0
- _Ed-v) v -_E |v 1 0
C = C =
L+v(l-2v)|T-v) 0 a-D|, o G-y
(1-2v) 2
0 0 (1 - -
L (1=v) Plane stress
Plane strain (w = 0) (07, = 0y = 0y, = 0)

External forces:

=> Calculate consistent nodal forces

= f +f +f
Point forces force force
acting in unit surface unit volume
nodes
f1x f1x flx
f1y f1y fly
f f
fo= |fx f= |2 =[Nws f,=|2 =[Nfav
ST f f
2y 2y S, 2y V,
f3x f3x f3x
_f3y_ Point force _f3Y_ S _f3Y_ b

—122(7)—
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Example: FEM-analysis with one CST-element

Wall of dam

Hydrostatic
pressure, p(y),/

g, p

p = p0(1—>9 where p, = gpl

Day, FEM-analysis:
D3x
A, = 1°/2
e = 1'/2 Boundary Cond.: Dy, = Dy, = Dy, = Dy, =0
D1y, Dy => Reaction forces: Ryy, Rqy, Roy, Ryy
DlX D
o— O—m- Doy
Shape functions: N; = 1—?—%; N, = )T(; Ng = %
1 -101000
B-matrix: B = 710 -10001
-1-10110
10 O
“Elastic stiffness matrix™: =Elp1 0
(assume plane strain) 001/2
Element BS
stiffness T hi?| -
- - - — T -
matrix; Ke = B CBhA. = 5-1p, C[Bl B, B’o]
B '3 1 -2-1-1 0]
1 3 0-1-1-2
_Ehl-2 0 2 0 0 ©
41-1-10 1 1 0
-1-10 1 1 0
(020 0 0 2|

—123(7)—
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cont. CST-example

Load vector:

/
A | ) 1Y
/- => Traction vector:  t = = P, |
I 0
' 0
p(y)
: - Acting on the surface at x =0, i.e. between Nodes 1 & 3
JAN
o where N; = 1-y/I; N, = 0; N3y = y/I
t, ] S N, 0] N
1x e/@(/f’f?o@ 1 2
iy e [0 N 0
f N, O _Y pohl
=f,= [ 2] = [INTt, _ghdy = [ |72 “| po|* " 1lhdy = == O
fay 0 N, 0
0 0 0
fa, N, 0 (1)
_f3Y_ _0 N3_x:0 o

Force / unit volume: f,, = 0, since the volume forces (K, Ky)
are assumed to be zero!

— — _D ] B B o
3 1-2-1-10]|| ¥ Rix 5
1 3 0 -1-1-2/|Py| [Ry 0
hi
Equation system: ETh‘Z 02 0 0 0P _ Ry, +.p_%__ 0
—1-1 O 1'3 -O- -D-zy---EZ*----OQ
Lo me e o] Ty
_ . .
) ‘--_'-[)3)/—---_9_----;_"
’
Solve equations (5) & (6): rmm= -

Eh(1 0[|Dsy _ Pohl|1
410 2] |D,, 6 |0
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cont. CST-example
Post-processing:

Reaction forces (obtained from Egs. 1-4):

Eh 2p,hl pohl
Eq. (1) Ry = 5 (-Dgo) - g = "OT
Eh pohl

Eq. (2): Rly = T(—D3X) = —T

Eq.(3): R,, =0
Eh o hl distributed load with
0
Ea. (4): R, = —D, = — resultant located 1/3
6- (4 R 3 6 from the bottom

Note that global
equilibrium is satisfied!

Stresses:
XX dl d1:0
o = o, -Cs-CBde-c[Blgzgg] d,| = 4 =of °
| Oxy| d3
) ) 1001002p01_p00
= CByd; =Ejp1 0 110138 = 3|0

001/2] |10 1 j
only shear stresses!

This solution is far from the exact solution, why?
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Results from FEM analysis with ABAQUS

32 linear triangular 3-node elements
"1 element solution™: o,, = 6,,=0, o,, = 0.33p,

128 linear triangular 3-node elements
"1 element solution™ o, = 5,,= 0, o, =0.33p,

XXX

ST

—126(7) —
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512 linear triangular 3-node elements
"1 element solution™ o,, = 5,,=0, o,, = 0.33p,

DD
A@ﬁ?

EO P
o, g

1936 quadratic triangular 6-node elements
" 1 element solution™ ¢, = 7, =0, g, =0.33p,

5, 512
o (Ave. Crit.: 75%)

5, s11

[Ave. Crit.: 75%)
. Te=01 +1.4e+00
. De+00 .1e+00
L0e=01 +1.0e+00
De=01 +9.0e=-01
LDe=01 +8.0e=01
.De=01 +7.0e=01
.De=01 .De=01

.0e=01
.0e=01

—12.7(7) —
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Lecture 13
Plane element (2D) with 4 nodes

Bi-linear Rectangular element:

A7
Vv Vv
ks s [3 g% (-1.1) (L)
Ay C, ﬁ4 & ﬁs 4 3
2h .{X01YO} < E
\" Vv
4 4 bl 20
1 O_ﬁl 2 = ﬁz (_19_1) (1’_1)
- X &= (X-xg)/a n=(y-Yyg)/b
(natural coordinates)
Displacement interpolation (bi-linear): _ul_
Vi
gz ooy = Ne O ONe O g
V(X,Y) 0 Ny 0 Nyl|°©
Uy
_V4_

Shape functions: N; = %1(1—95)(1— 1) N, = %1(1+ E(1-1n)

Ny = 21+ 8(A+n) Ny =3(1-9(L+7)

Strain:
Exx 0/0x 0
e=le, =| 0 a/oy Nd, = Bd, Ngdel N(g]le4
1 4
Yy 0/0y 0/0X i .
M O oo Ni@
a a
=B =| Niy Ng o
b b
Nun N || Nan Nae
b a b a |
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cont. Bi-linear Rectangle

Partial derivatives:

ONi _ ONigg _ 10N _ 1 Ny 1y
ox  0&0x  aodf a s oy 7 b b
where
N .= A=y 2 Q=8 o - @=m) . - _(d+3)
1,¢& 4 1n 4 2,§ 4 2,1 4
N — M N :£1_+E‘\) N — _M N :gl__é)
3, © 4 3,M 4 4, ¢ 4 4,7 4

Generalization: a bi-linear quadrilateral element

(1’_1)

Coordinate transformation:

4
X = X(& M) = Nyxg+ ...+ Nyx, = Z:Nixi
i=1

4
Yy = y(Em) = Noyyp+ NGy, = ) Ny,

i=1
(Same shape functions as in the

4-node rectangular element)

The element is called isoparametric, since the same interpolation is
used to describe both geometry (x, y) and displacements (u, V)

— 132 (4) —
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cont. isoparametric bi-linear element

_ Exx 0/0x 0
Strain: &= g, =| 0 o/0y|Nde = Bd,
v, 070y /0

The B-matrix can be divided into 4 sub-matrices: B = [Bl B, B 84]

ON/ox 0
where each sub-matrix B; is defined as B; = 0 ON./oy
ON;/ 0y ON;/dx

ON;/0x| _ 5 ON;/0¢&
oN,/ oy

the partial derivatives in B; are given by

where J is the Jacobi matrix of the coordinate transformation

defined as
_ oN ) oN | _ ) |
ox oy | X TEN X aEN | X Neex YNies
j = |05 95 - i—l i—l - i—1 i-1
ox oy
/ey Z Z ZN,nx ZN,ny,
i=1 i=1 i=1 =1

—133(4) —
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Summary: Isoparametric quadrilateral bi-linear

element (2D)
A
4 1 7 3 AY
_1 dA nl >§ :
ﬁ Area relation:

b @Agn = A,
4 4
Coordinate transformation: x(¢&, n) = Z Nxi  y(&n) = Z N.y;
i=1 i=1
Partial de[i\iatives (compact notation):N; , = oN;/ox N; , = dN;/d7

/7

/ \

N. \
BN
| [NI )i /l_ )

\

-1 NI,
I\Ii

o)

- _ /
</> part of the B-matrix

D XiNie D ViNi ¢
_ZXiNLn ZyiNi,n_

11

Element stiffness matrix: k, = h[B'CBdA = h_”B CB |J|d&d

Element load vectors:

force
unit surface

e

where e.g.

force
unit volume

fNH

A,
1

f. thdS—I(N t)\

-1
1

+ I(NTt)\n _,h

-1

-1-1
1

hlpdS+ I(N t)‘

-1
1

.
13,05+ _[ (N t)‘g __iMad7
-1

23d77

= 10—+ (v, yy)°

dv_HN

-1-1

[ ]h|J|d§d77
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Lecture 14 & 15

. Isoparametric quadrilateral elements
=> Repetition + Example 6.7

. Numerical integration
. Higher order 2D-elements
. Elements for 3D solids

. Compatibility, symmetry, boundary condi-
tions, etc. (from the text book, chap. 11)

. Convergence & sources of error in FEM
. Static condensation & substructures

. Constraint equations

— 14.1 (24) —
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1. Repetition: Coordinate transformation in an
Isoparametric element
The same interpolation is used to describe both geometry (X, y)
and displacement (u, v) in an isoparametric element, thus
n n
Geometry: X(&,mn) = Z N;X; y(&,n) = Z Niy;
i=1 i=1
n n
Displacement:  u(¢, n) = > Nju; V(E,m) = 3Ny,
i=1 i=1

Exx o/0x 0
0/ 0y 0/0X

Deformation (strain): g =

yXy

Partial derivatives of N;i(x(&,7);y(&, 7)) w.r.t. x and y
is derived by use of the chain rule

ON| | ONiox , ONigy|  [ax ay| |ON;
0| _ | ox 08 oy og| _ |08 9E| | ox
oN; ONjox , ONjoy ox 0y| |ON;
(on| | oxon oyom|  LOnon) |oy

CJ “Jacobi matrix”

N oN ] (Note! it is n_ot

- ! a symmetric
= | X = g7t 08 matrix)

ON. ON.

3y on_
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Examples 6.7 & 6.8
Isoparametric quadrilateral element

“ L
T
\
— > X/l Element
\pQ// . ﬁ/ thickness h
\ —1
Determine

6.7(a) Coordinate transformation: X = x(&,n) &y = y(&,n)
6.7(b) Jacobi matrix J and its determinant |J|

6.7(variant of d) The sub-matrix B of the B-matrix

6.8(a) Contribution pg to the element load vector f,

— 14.3 (24) —
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2. Numerical integration

1 me
1D: 1= [fegdx = | f©IdE = 3 FE)wW,
{ :[L“Y‘”J i=1
11 Mg My
2D: 1= [fxy)dA = | !f@, mHldedn = 3 3 FE nww,
A -1-1 i=1j=1

111

3D: | = _[f(x,y, 2)dA = ij(g,n, O)J|dednde =
\Y

-1-1-1

me  m, mC

= > > > FE mwww

i=1j=1k=1

Taken from “The finite element method”, G.R. Liu & S.S. Quek

146 CHAPTER 7 FEM FOR TWO-DIMENSIONAL SOLIDS

Table 7.1. Gauss integration points and weight coefficients

m & w; Accuracy n

1 0 2 1

2 —1/4/3,1//3 1,1 3

3 —y0.6,0, /0.6 5/9,8/9,5/9 5

4 —0.861136, —0.339981, 0.347855, 0.652145, 7
0.339981, 0.861136 0.652145, 0.347855

5  —0.906180, —0.538469, 0, 0.236927, 0.478629, 0.568889, 9
0.538469, 0.906180 0.478629, 0.236927

6 —0.932470, —0.661209, —0.238619, 0.171324, 0.360762, 0.467914, 11
0.238619, 0.661209, 0.932470 0.467914, 0.360762, 0.171324
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3. Higher order 2D-elements

« Displacement interpolation 2nd order polynomial or higher
 Allows for modeling of curved boundaries

Trianqular elements (, 3-sides, text book. pp. 153-156):

Shape functions are based on base functions derived from
Pascal’s triangle => complete polynomials

2

E.g. quadratic interpolation: base functions={1 x y x* xy y°}

=> 6 nodes
Shape fcn., can
be expressed by C—/
area coordinates Requires also interpolation

of x- & y-coordinates

Quadrilateral elements (4-sides, text book pp. 156-160):

Isoparametric: same interpolation for x (geom.) and u (displ.)
Shape functions expressed using natural coordinates: {—1 < . < 1}
Different types of elements: !

» Lagrange (full Lagrange interpolation in each direction: &, )
 Serendipity (internal nodes removed from Lagrange el.)

« Transition elements (e.g. linear — quadratic interpolation)

7 n - AT _
\
® ® ® ® . ®
ﬁ‘:\\(\ea |
. |
] ® I Lt
4 N |/ 4
® ° ° ® ° ° e » — o
A\ \.\CJ_ - -
. e QU s
Lagrange Serendipity Transition
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Example: Element of Lagrange type

ATl . Theshape function for node i is given

! J=n ._: 4 # Jﬁ by (the index | & J determines the
i 1 1 ] node number)
R e | = N = 1"
— __r"__'»_i_ L £ i = L (DI5(n)
% 3211 AR R (\4//
J=0 ¢—e— ] Lagrange interpolants where m & n
'= Oefn +1 nodes— defines the degree of the polynomial

Definition: Lagrange interpolants (text book p. 87)

i=n

(X=%;) _ (X=Xg)o- (X=X _ )X =X 4 1) (X=Xp)
k00 = l_[o(xk X)) (= Xg)- (X =Xy 1) (X =X 1)+ (X = Xp)
ik
Example: quadratic interpolation in & & n-direction ooe 0o

\
1. [1
—>m=n=2;&§ =90; & n; =40
-1 -1

1=2 ¢
2y - (EEDE=E)
=1 ¢° 0 (So—&1)(Ep—Sp)
- _(E-0)E-1) _ &E-1)
P - ¥ (-1-0)(-1-1) 2
1=0 1=1 1=2 2eey 2 EFDE=D) _ ;.2

1©) = 6o = e

2(2) = (E+1)(E-0) _ &(E+1)
2 (1+1)(1-0) 2

The shape functions becomes:

N, = I5(E)lo() = FE(E-1m(n-1)
Ng = 15(&)Ig(n) = %(1—é2)n(n—1)

Ny = B&)12(m) = 1-8H(1-n?)
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Example: Elements of Serendipity type

 Internal nodes removed from a Lagrange element
* Non-complete Lagrange interpolation

« Shape functions are derived from “inspection” and use of the
properties shape functions must have

Example: Serendipity element based on a quadratic Lagrange
element, where the centre node (node 9) is removed

A7 For instance N;(&,7) must satisfy:
LD WA N, =0:
JE 5 (i)atnodes 2,3 & 6, where 1 - &£ =0
£ (i) atnodes 3,4 & 7, where 1 —n =0
ol o0 {2 (iii) at nodes 8 & 5, where - -7 —1=0

N,=1: atnodel, where & =n=-1

Construct shape functions by use of (i)-(iii)
(same idea as for Lagrange interpolation)
=N; = ¢ (1-9)A-m)(-¢-n-1)
The requirement: N,(§ =n =-1) = 1 thengives c, = %1
The shape functions become (see text book p. 158):
Ny = - 2(1-E)(A-n)(L+E+1)
1

N5 = 3(1-E%)(1-n)

Ng = 3(1-£)(1-n°)
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4. Elements for 3D solids

» Same principles as for elements for 2D solids
 In general isoparametric elements are used (the same shape func-

tions are used for interpolation of displacements and geometry)

Coordinate transformation (geometry): G . Z y
@number of nodes in the element : = "

v Ny Y Ny Ny
X = NiX; y = > Ny 2= % Nz o
i=1 i=1 i=1 //U1\‘ \
i ; : L oo
Displacements: ] A WO
J N, 0 0 Nog 0 0 [ w,f
u=1lyl =Nde=10N; 0 0 Ny 0|7
W 0 0N, 0 0 Npgl{Unal
L - n_/ y \\ &066“6
- Cl Ynd |
Exx B-matrix 1 |
Strains: £y (63ng) Lna

(N, /0E]
N,/
N,/ ¢
Jacobi matrix:
J - Xan y1n Zln - Nl’n XX Nnd,n
Xoe Yor Z, Ny¢ooo N
e Yoo B [Nae "% | Xng Y Zng ‘
Element stiffness matrix: ] - aere®
" NoW
K, = jBTCde = j”B CB/ |J|d§dndg
Vv

e
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Examples of element types in 3D

Tetrahedron (4 surfaces; 6 edges: 4 vertices):

(shape fcn. based on Pascal’s pyramid => complete polynomial)

Linear
(4 nodes) Quadratic

C
tig

Basis functions: {1,&,n,C} (1,6m 6% EN ECN° NG ¢}

(10 nodes)

Prism (5 surfaces; 9 edges: 6 vertices):

(shape fcn. based on an “extruded” triangle)

“Linear”

(6 nodes)

“extra terms to
the complete
polynomials”

! “quadratic”

(15 nodes)
{1, &n, G &6 nc}
N

(1,6m,6 8% 6n,E6n% NG ¢
e°c, e’ g, ne eng)
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cont. Examples of element types in 3D

Hexahedron (6 surfaces; 12 edges: 8 vertices):

(shape fcn. based on Lagrange interpolants)

“Tri-linear” basis fcn
(8 nodes) '
T @ na ma o) -

! = (L&, C &N, EL MG ENG)

“Tri-quadratic”

“Full Lagrange” “Serendipity”
(27 nodes) (20 nodes)

S

basis fcn. !

((LEEYLnndHLei) = Surface & internal nodes

= {1,&n, 8 ..., £°n°C°} = 27 terms! removed! (in total 7)

Automatic meshing

2D:
* Robust algorithms exist for arbitrary 2D domains for both 3- and 4-

sided elements
o AL

* Robust algorithms for arbitrary volumes only exists for tetrahe-
dron elements (10 nodes element, Note, the 4-node is never used!)

» Robust algorithms for hexahedron elements only exists for an
“extruded” and “swept” geometry, where a mesh is generated with

a plane surface as a starting point
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6. Convergence & Sources of error in FEM

Physical Mathematical FEM
Problem Model Model
Simplifications &
Approximations
4 Sources of error N

1. Discretization error: incomplete representation of the geometry

2. Numerical error: integration by Gauss quadrature; machine
error (computer) round off/truncation depends on the condi-
tions number of the system matrix K

3. Approximation error: depends on interpolation of the primary
variable

Ne 1l
Uusu = Z ZNiui
e=1 i=1

- /
i . o
Compu_tatlonal time: | tcpy % N1 por
(CPU-time)
N pop = total numberof D.O.F.

(number of equations)

o. IS a constant in the interval 2 to 3, which
depends on the type of equation solver and

the type of system matrix (band width)
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Convergence, 1D-example:

Features of the
exact solution

U = Uy+u'(X=2Xp)

Displacement

1 element X Uo

> X0

/“The exact solution can in an N
infinitesimal region around a point
X, be described by a constant plus
a constant gradient™

/

The conditions for convergence, such that u — u when h — 0,

require that the approximate displacement interpolation, u, must:
1. be able to describe

(i) an arbitrary rigid body motion (>_N; = 1)
(i) a state of constant strain (du/dx = constant)
2. be continuos across a element boundaries (compatibility)

Observations in practice

o
@, } Slope = rate of convergence
3 Depends on:
» element type
* evaluation point
» mesh (FEM discretization)
machine
error |

log( no. elements ) = log( 1/h )>
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Approximation error, 1D-example:
Study the solution in an 1D truss element:

h

o S

X \ﬁDispl. interpolation, polynomial p

Expansion of exact and approximate solution around xg:

: _ p p+1
Exact:  u(x) = cp+Cy(X=Xg)+ ... +Cy(X=Xg)" +Cp 1 (X—Xp)

+ ...
Approx.: i(x) = €y +Cy(X=Xg) + ... + Cy(X = Xo)"

The approximate solution will reproduce the exact solution up to
polynomial degree p. The rest term, i.e. the error in the element

will be of order O((x - X)) P ]) , hence

~ +1
Error = |u—u|sz+1(x—x0)IO + ..

Since, maximum of (x-Xg) can be equal to h in an element, we obtain

Error = |u—u ~ch? ™
Logarithm &O‘Q\‘,‘ e\eﬁ‘e“is
= log(Error) = logC + (p + 1)logh So.go‘)o({\o(\'&
= IogC—(p+1)|og% ?/ \5\0"‘“
o logC — (p + 1)log(No. of elements)
Stress: c = Ee = Ed—u
dx

p
Lower rate of

convergence!

~ B i"‘_ N
:>|G—G| = delu ul =~ Ch
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Optimal points for evaluation of results in an element

=> Optimal points often coincides with the integration points
of “reduced integration”

Rep. Numerical integration with Gauss quadrature in 1D:

X2 1 1 m
= [rooox = [re)ga: = [Fedzs 3 FEw,
X, -1 -1 i=1

“integration point”

Number of integration points / element

Element type Full ¢ Reduced <
linear 2 1
quadratic 3 2
1 red. ptn -
red. ptn. — T A
—ﬁj\‘o o e -.J0.6 SR R
. ® k/:‘ . ®
| | — g | | — G
-1 0 1 -1 0 1
Linear Quadratic

Methods for increased accuracy in a FEM analysis:
h—method: increase number of elements (i.e. decrease h)
p—method: increase the polynomial degree in the interpolation
hp—method: combination of the h— & p—methods

r-method: use the existing elements in an optimized way;, i.e. use
biased meshes
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7. Static condensation & Substructures

Method for analysis of very large complex systems, where the
structure is divided into a smaller substructures. Each sub-
structure is characterised by interior degrees of freedom (i),
and degrees of freedom located on its boundary (b).

Collect all displacement
D.O.F.:s In the vectors:

Comlex
structur

boundary of the
substructure, m D.O.F)

D, (belonging to the
interior of the
substructure, n D.O.F)

KIB KII I:)I |:I
Three step procedure:

(i) Eliminate the interior degrees of freedom in each sub-
structure. Each substructure can then be described by
only m D.O.F.:s instead of the m + n D.O.F.:s for the
whole substructure. This step is called static condensa-

tion.

(i1) Assemble the substructures and analyse the whole sys-
tem. Note that, the number of equations that must be
solved simultaneously are now drastically reduced!

(ii1) Evaluate the results in each substructure (post-process-

Ing).
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substructure cont.

Step (i) Elimination of interior D.O.F.:s in a substructure

Divide the equation system in boundary (B) and interior (1) degrees
of freedom

KBB KBI DR
KIB KII DI

with dimensions: Kgg mxm; Ky nxn; Kig nxm; Kgy mxn.

= [';B] (Note that Kg, = K,5)
|

Eliminate D, using the lower equation K,zDg + K,,D, = F,

-1 -1
=D = Ky F =K KgDg,
which inserted into the upper equation KggDg + Kg,D, = Fg gives
-1 -1
= [KBB_ KBIKII KIB]DB = |:B_ KBIKII |:I

Thus, the mechanical response of the substructure can be modelled
by the reduced equation system

KredDB = F

red:

-1 -1
where K4 = Kgg-Kg K| Kjg and Fy = Fg—Kg K|/ F,.
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8. Constraint Equations—An example

Determine the displace. in direction of P
Here, kl = k, k2 = k3 =2k

L Rigid Numbering of D.O.F.
')3 AN 2 D, }»m Dy
Ds
L 45°
k2 D10
D
5_5 S . lL 9
K3  Jyco De
45
Ps
3 Boundary conditions:

Dl D6:0, D8:D10:O

Note! D; and Dg in not independent!

Element stiffness matrices:

“Direction cosines”
2

I, 1My

_ X=Xy Yoy
2 2= > Me="7
l,my, My, i “\\')
\eme“‘\e“g
l, =1 —k =k a= 10
m, = 0 00
., = 1/42
1 = 172 =k, = 2K, a:%{l 1}
my, = 1/./2 11
2 = 1702 —ky=2k a=i[1 -1
My, = - 1/42 3 ’ 2|1 1
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Assembly of element stiffness matrices:

. 1 "o 1
element 1 — marked by circle f 0|| 0 i, || 0 , nod 1
5—1 _'_.'—' -j_'_'_
element 2 & 3 — unmarked ,{1 1! ﬁ ,(_1 ~1! 3 42
no
014 1!0!0'—1—1 4
IR P T TR P -
Kiy = Ko, K, +K.; = K . . . . nod 3
tot el e2 e3 0 | 0 |_1 1| 0 | 1 -1 5
e e T S
‘10||0 0 [1 0||0 " nod 4
 SUIR% NN R U A
-1-1-11 -2 0 9
0 0 nod 5
114121 Vo 2] 1
12345 6789 10,
‘OO'

Equations 7 & 9 (other D; = 0, i.e. known):

k 0[|D7
0 2Kk| | Dy

_p IS not the solution to the problem!

_ {0} But, the solution to the Eg. system

Since, D7 and Dy is
linear dependent:

Dg;—>
Methods for solving problems with constraints:

A. Constraint introduced on element level (elimination
of D.O.F.), affect the transformation k, —» K,.

B. Lagrange multiplier method

C. Penalty method
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A. Constraint introduced on the element level:

Element1: D2 Dg Constraint: D, = =D
Dl i—»D7 ! 2 o
O Dg = Dyg
}—»Ul }—»UZ o L
Dl Dl
Relation local/global Ul _|11000||P2| _ 10 2 %l b,
displacements: U, 0010]|D, 0070 Dy
New transformation matrix _D8_ Y _Dlo_
T
Derive a new global element stiffness ma@yftﬁ>
of the standard rule transformation, i.e.
1 0| 0o kK 0-k/20
K—TTkT—OO k —k _ O 0 0 O
el — e! ~ 1 -
01/2||-k k OOEO -k/20 k/4 0
0 0 0 0 0 0

The degrees of freedom D7 & D9 are now eliminated from the Eq.
system, and the global stiffness matrix becomes

element 1 — marked by dashed circle[

/1 0\ | 12172 0y 1
element 2 & 3 — unmarked IO Oi' | 0 O\' )
: \ \
element 1, 2 & 3 — marked by circle |-~ =4 - — +— - — «— - —=4|-
Y AEERENEDREE e
K = Kel-l'KeZ'I-Ke3 =k —-—-J—l-—]--!—-_!___l___]j_4
0! 0 )1 -1, -1 1] >
’___:\IL._.|__]-.]-_i_ 1 _1_6
I’—/ 0“1 1|11 9/4 0O\ 9
(| 0 041 1 1 —1 0 2J10
N _ _ _ "<(\
r-5 3 45 6 9 10 %
Equation 9 (other D; = 0, i.e. known): 2

— 14.19 (24) —



FEM for Engineering Applications / J.Faleskog

Constraint equation—General form

(Se Chap. 11.11 in the textbook, where the terminology
“MPC-Equations”, where “MPC” stands for Multi-Point-
Constraint™)

Constraint equations can be formulated on the general form:

CD-Q = n = number of D.O.F.
mxn nxl1 \m/x 1 m = number of constraints

In the present case (Eq. (7) & (9)) above, yieldsthatn=2& m=1

o = [o
TS
D

~h-vd 2|

In a typical case, Q represents a prescribed displacement!

E.g. the extension of an element can be described by Q as

? prescribe an extension 6=d, —d;

° ®
—=dy —=ds

Can be formulated by use
a constraint according to:
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B. Lagrange multiplier method:

(See Chap. 11.11 in textbook)

The potential energy U(D) of a system is minimum at a point of
stable equilibrium, i.e. 3U(D) = 0.

Here, a unique equilibrium solution can be derived by minimiza-
tion of the potential U(D) under the constraint: CD — Q =0
(“optimization problem™). This can be accomplished by mini-
mizing the modified potential:

1 (\ Lagrange-

U = >D'KD-D'F+1'(CD-Q)

2 multipliers
Elastic strain  External  Constraint
energy force potential
sD'C'A
Minimization w.r.t. D and A gives f’

——

5U = D' (KD-F)+8)1 (CD-Q)+A'C3D = 0

Minumum is a stationary solution, i.e. 6U =0 is valid for
arbitrary 6D and oA, which gives the equation system

<19 []

In the present example the equation system & solution become

k 0 1 ||D7 0 D; —2P /(9k)
0 2k -1/2||Dg| = |-P| = [Dg| = |-4P/(9K)
1-1/2 0 A\ 0 ) 2P/9

(The method is used in many FEM codes, e.g. ABAQUS, ANSYYS)
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C. Penalty method:
(See Chap. 11.11 in text book)

The constraint in the example is based on the assumption of a
rigid beam. If the beam is treated as not being rigid, it will have
certain flexibility and the constraint will not be completely satis-
fied, which give rise to an error e according to

e describes the deformation of the
e =Dy -Dy?2 beam, which can be expressed by

(error, deviation from 5 simple model according to
the constraint)

5\'\““9’85

P =ke where k— o for
a rigid beam

If k < o0, elastic energy will be stored in the beam according to

1 1
Wbalk = éep = Eeke,

which will increase the potential energy of the system.
In general, the error in satisfying the constraint can be expressed as
e =CD-Q,

where e is a vector of dimension equal to the number constraint Egs.
The error e will contribute to the potential energy of the system as

T yoo
U = 2p"kD-D'F +1e KPe, e
2 2 e“e(g\J

Here, kP is a diagonal matrix containing stiffness terms, kP, accord-
ing to the example above, which here is called “penalty”-numbers.
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cont. C. Penalty method
The best solution is obtained by minimizing the potential energy

of the system w.r.t. D, which here gives
~__ _»3D'C'

T # p
U = 8D (KD-F)+de (k"(CD-Q)) = 0

The stationary solution must be valid for arbitrary 6D, which
gives the equation system:

[K+C'kPCID = F+C'kPQ

— ]
. Penalty matrix

The “Penalty numbers” are chosen by the analyst, and can be
chosen according to

k'iO = [104 till 108] x [maximal diagonal element in K]

If kI’ is chosen to big, the system matrix becomes ill-conditioned!

Applied to the example above gives

‘- {g ZOJ,F - LOP}CT = Ll/z}’Q = [o]

Explore different penalty numbers in the diagonal matrix a

EQs. syst.:
102|101 =05 (D7l _ 1o D7 _ _
—0.5 0.27] | Dq -P Dg

Relative error < 1072
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cont. C. Penalty method

K =[,04] = c'kPc=| 1 |[,,a][1 19 = 10%| 1 03
10y L/z} 0¥ [1-1/2 Los 0.25
Eqgs. syst.:
10%| 10001 05 [|D7 _to| . |D7 _ _P|0.222202
-0.5 0.2502||Dg| |-P Dy K{0.444449
Relative error < 107
Method advantage disadvantage
Lagrange exact adds extra D.O.F.
Penalty(*) nonew D.O.F.  not exact

(*) The method is often used in contact analysis, where
constraint equations can be formulated as an inequality.
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Lectures 16 & 17:

1. Heat conduction—fundamental relations (1D/2D)
2. FEM-Eq. for heat conduction in 1D (LQ, chap. 12)
3. Example: Thermal FEM analysis in 1D

4. FEM-EQq. for thermo-elastic materials

5. Example: Mechanical FEM-analysis with tempera-
ture load

6. FEM-Eq. for heat conduction in 2D
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Heat Conduction

ot __
Heat flow Q (unit = “power” [W])
Fourier’s law: . lemperature
(“constitutive law”) T'/j
= 9T A
Medium with cross ~ dX Q=5 Ak
sectional area A WI o 2 W
coefficient of thermal conductivity k [mJ[ ][mOCJ

Energy balance / unit time (1D):.

Heat supply g [W/m3]

2Q

+

Q axAX
X

[heat flow in — heat flow out] + [heat generated]
= [heat change in the element]

Cross sectional area A

volume element mass element

00+ )] Aot =[5 Aow]

0
C) o J
Specific heat [

kg °C}

: 0Q el
Let AX—>0: = _8X+qA_CAp8t

H H 7 2 g( 6_") - 8_T
With Fourier’s law we obtain: ™ Akax +0A = CAp ot
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Steady state conditions if oT/ot = 0
=> special case of great technical importance, treated here!

%((Ak?j_D +gA =0

Boundary with
Boundary cond. _ cross sectional area A
Ambient temperature of
(i) prescribed temperature T surrounding medium T,

(i) prescribed heat flow Q = —kA dT/dx

special case Q = 0 (insulated surface, no heat exchange
with the surrounding medium)

(ii1) Special boundary cond.:

Convection coefficient[
Convection:  Q = h(T-T_)A
Radiation: Q = ao(T4—Toj)A (not treated here!)

Emissivity of Stefan-Bolzmann constant
the surface

Convection of heat through surfaces between boundaries

m? °CJ

“acts as a negative heat supply in 1D & 2D analyses”

1D: P perlmeterz/ A area
SA Convection QeonyAX = hPAK(T-T,)
— Heat conduction
O F—X = QeonyA = hP(T-T,)
T(X)j % unit: [W,/m]
Convection

:>qC0an = Zh(T_Too)
unit: [W/mz]

Heat conduction Convection (both through the top and

the bottom surface, respectively)
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Heat Transfer—Summary of 1D & 2D models

Temperature under steady state conditions @I o)

_ A area
Convection
1D: — Heat Conduction A P perimeter

= 1w %

Temperature

d d _ E‘
dx(kAdT) *gA-hP(T-T,) =0 [m} O
Thermal Conduct- CI—Ii at supply Convect\i/c\)/n coefficient
ivity [WJ W [ > J
m°C [&J m<°C
Convection
2D:

C

onvection (both top and

Heat Conduction bottom surface)

eG‘
(. OT\. 8(, .0 5
O, pel) . 2 _ (e
ax(kxbaDJr 8y(kyba1>+qb 2h(T-T,) = 0 \)“\\a

Boundary Conditions:  prescribed temperature T
dT

or heat flowQ = —kAa-)z [W]

Special B.C: insolated surface Q=0
convection from end surface Q = hA(T-T,)
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FEM-Equations (1D)—by use of weak form

1. Weighted residual (differential equation multiplied by

y arbitrary weight function v(x) and integrate)
2

jv(x)((%((kAg—D +gA—hP(T - Tw))dx = 0
X1
2. Integration by parts (1st term)
X2

X2
d ( a0V - [oeadTT_ v, dT
[ v (kaS)ax = [vaka— Yk S dx
X1 X1
gives the weak form of the heat transfer problem in 1D:
X2 X2 X2 X2
dv, . dT X2

- dr
Ix kA I dx + J.thde = [vadXJXl + quAdx + Ithdex

X1 X1 X1 X1
Divide into elements and formulate an approximate interpolation
of the temperature by use of standard shape functions. Use the same
shape functions to express the weight functions (Galerkin):

vector containing the node
Temperature: T(x) = NT:/\6 temperature of the element
: : T T -
Weight function: vix) = NB =B N arbitrary vector
dT _ dN \fdv dN' T ToT
Derivatives: dx = dx e = BT, dx = X =B

FEM-Equation for an element becomes:

kaAdT/dx = _Q

X
UBTKAde + J-NThPNdx}Te = [INT(-Q)Ix. + INTqux + INThPdex
| |

| 1, — L e
th Kc (\/‘

If a heat supply is pre- fh
scribed at the node, or if
element boundary = external boundary
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Example: linear temperature interpolation (1D)

Thermal
/Vl (&) N’l(@ COndUCth,ty area per"me\ef
1 | 2 o Assume that k, h, A and If/
e
, > are constant in the element
0 1
dx = Id&
Tl
Temperature: T=(1-8)T,+ET, = [N, N|| ! = NT,
H_) LYJ T2
N1 N
en: 9T = ONp _dNdeL 1l
Temperature gradient: Ix dee dz dx = |:_|e IJTG = BT,
Element matrices
L.h.s:
Heat Conduction 1 A 1 )
. = [BTkABI,dE = A [_1 1]de = KAl1 -1
1 le -1 1
0 0
Heat Convection 1 1 .
= T = 1_§ = —F-)——e 2 1
[N"hPNI,de hPIej{ i }[1_&]% - L 2}
0 0
R.h.s: L 1
f, = INTqAIed§+jNThPTwIed§ =
0 0 1 1
= Al[ hﬂq(é)da +hPT 1 Fjdé
0 0
N
_ |12
1/2
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cont. 1D—Example

R.h.s. cont.: Ife.g. node 2 is a node on the boundary and
a convection B.C. is employed, then

Node 1 _¢\e™ Node 2

convection

Fy Q; ~Q, = -hA(T,-T,)

Note that Q is cancelled by —Q, in the left element and do not

enter the r.h.s when all element contributions are assembled
. dT

—Q = kAd—

S INT Qs = | O] -7 = | =
Q, 0 Q, hA(Tz

= Q = — 0 + Ql
hAT hATOO o hA hAT o

Move to L.hs. ————K; s

Convection from the
Heat inside” the element

conduction Convection at a node
placed on the boundary

Totally (K. + K.+ KT, = f + 1,
— L J
Ke fe

Thus, the FEM Eq. for one element becomes K T, = fe
The total (global) equation system is obtained by assembly of

all element matrices as

N, N e

K= YK, F=SF

e=1 e=1
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FEM for Thermo-Elastic materials (1D)

K. (X E(x),A(x Equilibrium:
only N0 EOAW oy,
- > —» — — — —
_ | - d(cA _
Equilibrium Eq. inserted into Weak Form gives
X2 X2
dv _ Xz
< (GA)dX = [V(cA)] + IVKXAdx
X1 Xy ] ch
_ . cient (U
Constitutive Equation xpansio coeffic!
T‘nefma\ exp '// aAT
O
e==+0AT <& o= Ee-Eg
E
A\JTemperature change from reference temp.
Inserted into weak form with & = du/dx gives \%«0\
_____ e
X2 X2 l/xz \
dv_ ,du X5 dv |
VEA ]y = 412
- EAZ-dx [V(A)], + [ VK, Adx |IdXEAgodx:
X, X, :x1 |
B |
fo?ggg a Body force 'Thermal Ioagl/ ((\\(\’\“%
_____ ,&\%‘ \0(
RN

FEM Eq. for one element (u=Nd & v=N'B") K&
/4

X2 X2 X2 )
X |
{j BTEAde]de = [N'(6A)]x, + [N'KAdx + [ B'EAZdx)

X X X
L I SR S — |Q_Y_J |
e T T el
. : LS
Stress calculations in the “post processing” step: S \‘&ic“ao\ca
Use e
s
c = Ee-Egy = E%—Ego = EBd,-Eg, a:\(el\(\

The 2D & 3D formulations are analogous with the 1D formulation
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Computational steps: Thermo-Elastic Analysis

1. Discretization: divide the solid into elements. It is convenient to
use the same mesh in both the thermal and the mechanical analysis.

2. Carry out the thermal analysis (solve the heat transfer problem).
The result, i.e. the temperature distribution in the solid, is pre-
sented as temperatures at the nodes.

3. Carry out the mechanical analysis (stress analysis). It is conven-
lent to use the same interpolation (shape fcn.) for the displacement
as used for the temperature.

o)
e S
1D example: iv 0 ‘z\\i\\e“d\sv\acem
0
Result from thermal analysis = AT(x) = N AT,
Temperature change
Thermal load X, U |Xr21 the nodes

g = AT = aNAT, = fr= [B'EAsdx = [B'EAGNAT,dx
X1 X1
E.g. use a linear element (natural coordinate:0< £<1)
and assume that EA« is constant, then

_ _1
N=[l-c¢ = B-= Ie[—l 1]
1 1 _
T 1|=1 ATl
f- = |B EAaNAT.l.dé = EAal | = 1-¢ & dé&
| o ELJJ[ ][ATZ
0 0 =
1 _1llAT AT, + AT, [ f
TN i | Sy Wi Rt § e R
211 1]|AT, 2 1 fra
mean value in the element!
Node 1 Node 2
(= —— e
fr1 fro
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FEM for heat transfer problems in 2D

Convection

Heat conduction

Strong Form: Convection
(top & bottom side)

0 0 0 0 {\/ _
&(kxb&' + 6—y(kyba—y| +gb-2h(T-T,) =0
Weak Form:

1. Weighted residual on integral form

fvex y)(a—ax(kxbg—D s %(kybg—p +qb - 2h(T—TOO)) dA = 0

A

2. Integrate term 1 & 2 by parts

x-direction: j (vkbaUdA ja—x kxbaXdA+ ( 61>dA

&_V_J x_ﬁ(_/

use Gauss’ theorem and rewrite term 1

A dF — Ny — | COS %
dy n .
“ X2(y) sin g

I (boundary) = dy = d/cos6 = n d/”
Yo Xo(Y)
0 _ o _
J.&Fdxdy = J[ J‘ Fdx]dy
A Y1 bx1(y)

Yo

= [IFOQ, V) - FOuW.NIdy = [Fndr
Y1 r
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cont. weak form for heat transfer problems in 2D:

Thus, term 1 can be written as

[v £(kbSaa = - a_x G ZIbdA + j vk Zin bdr

Similarly, term 2 can be wrltten as

v—(k bEDdA [ k —ybdA+I v K 6—n Yia

r

Inserted into weak form gives (Iet—( ) = ()., etc.) o1l "
[o k] [T ] i

(v,XkXT +v, kT, )bdA + [v2hTdA ["x V’}
y y |
) |

R.h.s.: jv (kyTogny + kT, )bd 7+ jvqbdA+jv2hToodA

XX
r A A

Divide the solid into elements; use the same shape function based
Interpolation for both temperature and weight function.

E.g. standard 3 oTo ng = number of nodes

linear element: W in the element
I Note! only ONE

D.O.F. per node!

Temperature interpolation: 1.
1
TO6Y) = NyTy+ o+ N, Ty = N N || = NT,
Temperature gradient: o Tnf
-
T Nl X vt Nnd X .1 '.\xa(\l
’ = ’ ’ . = (o 4
[T ] N N 2T Pty
L "l
Weight function: v(X,y) = BTNT = [Vm V,)] = BTBT
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FEM Equation for a 2D element becomes:

(ngx2)
UBTDBbdA+ J‘NTZhNdA}Te =

A, A,

Kic K Convection

JC Heat supply  torm
i S

= INT(—Q ybd 77+ INTqbdA+ INTZhTOOdA
Heat

A A
flux e &—V—J

Heat flow across fy
element boundary 0
X nX
wer 0, = [, 1] 0
Only external boundaries contributes, since element

sharing the same side cancel each others contributions
(see text book pp. 309)

Example: Bi-linear 4-node element (assume that ky = k= k,
h and b are constants):

A77
4 1 .3 Ay
—1 dA. |1 ~g —
ﬂn Area relation:
O O —»X
—1 —
1 2 |IldA,, = dA,,

Element matrices/vectors:
Heat conduction: 1 1 Convection: 11

K, = kbj IBTBlJIdgdn K, = 2hj INTNIJIdédn

-1-1 -1-1
11 11

f, = b”NTq|J|d§d;7+thoojjNT|J|d§d77
-1-1 -1-1
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